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Abstract

This paper considers the learning of logical (Boolean) functions with focus on the generaliza-
tion on the unseen (GOTU) setting, a strong case of out-of-distribution generalization. This is
motivated by the fact that the rich combinatorial nature of data in certain reasoning tasks (e.g.,
arithmetic/logic) makes representative data sampling challenging, and learning successfully un-
der GOTU gives a first vignette of an ‘extrapolating’ or ‘reasoning’ learner. We then study
how different network architectures trained by (S)GD perform under GOTU and provide both
theoretical and experimental evidence that for a class of network models including instances of
Transformers, random features models, and diagonal linear networks, a min-degree-interpolator
(MDI) is learned on the unseen. We also provide evidence that other instances with larger learn-
ing rates or mean-field networks reach leaky MDIs. These findings lead to two implications: (1)
we provide an explanation to the length generalization problem (e.g., Anil et al. 2022); (2) we in-
troduce a curriculum learning algorithm called Degree-Curriculum that learns monomials more
efficiently by incrementing supports.

1 Introduction

Neural networks trained by stochastic gradient descent (SGD) have proved to be a powerful learning
paradigm when there is enough representative data about the distribution to be learned, specifically
in applications involving images or text where there is also a good understanding of the relevant
architectures.

There is now an increasing interest in tackling tasks involving more ‘reasoning’ components, which
depart from classical perception tasks of images and texts. While such tasks remain vaguely defined,
a list that we consider here under this class is given by: (1) arithmetic and algebra (Saxton et al.,
2019; Lewkowycz et al., 2022), (2) synthetic tasks such as PVR (Zhang et al., 2021) and LEGO
(Zhang et al., 2022), (3) visual reasoning such as CLEVR (Johnson et al., 2017), (4) physical
reasoning such as Phyre (Bakhtin et al., 2019), (5) algorithmic data such as CLRS (Velickovi¢
et al., 2022) and reasoning on graphs (Mahdavi et al., 2022).

One common trademark of these tasks is that the input space is usually of discrete/combinatorial
nature, and consequently, the data may not necessarily lay on a low dimensional manifold that is
well sampled. In various cases, the input space may even have a variable length. This combinatorial
nature is already present for text, but it is further amplified in, say, arithmetic since most symbol
combinations could a priori represent a valid input (in contrast to text). Further, the target
function in such tasks may rely on a large composition of logical steps or mathematical operations
that require to be jointly learned. Therefore, in such reasoning tasks, the setting with abundant



representative data seems less prominent. This motivates us to focus on a strong out-of-distribution
(OOD) generalization setting.

For instance, when learning arithmetic or logic functions on a training set with a bounded length or
bounded number of truth assignments, how would the neural network generalize on more general
input assignments (this is a case of length generalization)? When training a neural network to
learn a Boolean formula, such as a voting scheme on data from a polarized cohort of voters, how
does the network generalize to an unpolarized cohort?

We thus consider the problem of learning functions with a holdout domain where part of the
distribution support is barely /never seen at training, and with target functions that are Boolean to
capture the discrete and combinatorial nature of various reasoning tasks (e.g., arithmetic, decision
trees, logical circuits). Learning successfully under holdout gives a first vignette that the learner is
operating with a certain amount of ‘reasoning’ or ‘extrapolation’ since memorization is voided on
the unseen domain.

1.1 Our main contributions

1. We lay down some basic principles of stronger generalization requirements that rely on the
‘generalization on the unseen (GOTU)’ performance metric, defined as a strong case of OOD
generalization (Section 2), setting a benchmark for ‘extrapolating’ or ‘reasoning’ solutions on
the considered tasks;

2. We study how standard neural network architectures trained by (S)GD perform on the GOTU
metric, in particular, which solutions are learned on the unseen domain for such architectures:
(i) We prove two theoretical results showing that for a class of network models including
random features model (Theorem 1) and deep diagonal linear networks (Theorem 2), a min-
degree-interpolator (MDI) is learned on the unseen;
(ii) We show experimental results (Section 4) supporting that Transformers tend to also have
the min-degree bias towards MDIs.

The MDI is defined as the interpolator of minimal degree-profile, i.e., the Boolean function
interpolating the training data and having a Fourier-Walsh transform whose energy concen-
trates on basis elements of lowest possible degree. Connections to algebraic geometry are
given in Appendix C in order to characterize how MDIs can be constructed from the ‘van-
ishing ideal’ of the seen data. We also point out that very large learning rates or other
architectures (such as mean-field networks) can produce leaky MDIs (i.e., assigning larger
mass on higher-degree monomials); see Appendix B.2.

3. Using these, we obtain two additional results:

(i) we provide a formal explanation (Theorem 3) to the ‘length generalization problem’ dis-
cussed in (Anil et al., 2022) (for the case of bounded weight vectors, also related to (Zhang
et al., 2022));

(ii) we turn the min-degree bias into an asset to accelerate learning by introducing a curricu-
lum learning algorithm called ‘Degree-Curriculum’ (Algorithm 1), which successively increases
the input complexity with respect to Hamming weights in order to incrementally learn the
monomials support (see Section 5.2).



2 Generalization on the unseen

The classical setting of statistical learning theory requires the control of three error pillars for
the generalization of a learning model: (1) the approximation error (depending on the proper-
ties/richness of the model class), (2) the estimation error (depending on the properties/richness of
the training set), (3) the optimization error (depending on the properties/richness of the training
algorithm).

In some of the recent deep learning applications for computer vision and natural language process-
ing, the richness of the training set, the size of the model and its alignment with the data, as well
as the computational power, make the three pillars well controlled. The recent success of large
language models (LLM) and scaling laws are perfect examples of this phenomenon (Alabdulmohsin
et al., 2022).

As mentioned in the introduction, the type of data occurring in reasoning tasks is slightly different
due to the richness and combinatorial nature of the data. To better cope with this challenge, we
propose in this paper to depart from the classical generalization objectives described with the three
pillars. We focus instead upfront on distribution shift and, more specifically, a strong case of OOD
generalization where part of the distribution domain is almost/completely unseen at training but
used at testing (in particular, prohibiting any memorization scheme).

Of course, on the unseen domain, all bets are off for generalization: one cannot hope for an algorithm
trained on a given data domain to perform well on a larger data domain without any incentive to do
so. Yet various algorithms will have various implicit biases on the unseen and thus produce various
solutions on the unseen. Understanding this ‘bias on the unseen’ for different network architectures
and Boolean target functions is the objective of this paper.

We start by redefining the generalization error when the train and test distribution are not neces-
sarily the same.

Definition 1. Let Xi,..., X, be samples drawn i.i.d. under p1 and labeled by a target function
f, and let f be the function learned by a learning algorithm. The algorithm has (u1, g2, m,€)-
generalization (for loss £) if E xm o ®m X1 mopia [0(fxm (Xma1)s F(Xmi1))] < €. In other words, the
algorithm is trained under distribution p1 and tested under distribution pg, producing e-test-loss
with sample complexity m.

Now we focus on a special case of interest, a strong case where we essentially see all the data on
some part of the domain but miss another part. Naturally, we will next study a ‘soft version’ of
this metric, where both in-distribution and out-of-distribution generalization are considered, but
this strong case is already rich and insightful.

Definition 2 (Generalization on the Unseen). Consider a given sample space Q. During training,
part of 2 is not sampled, and we call this the unseen domain (or the holdout set) U. At testing,
however, we sample from the full set Q. This represent a special case of the previous definition

where p11 = pilg\y and pg = ply for some p.

We now further specify the setting: we assume that the training error is 0 on the training set Q\U,
e.g., seeing all the samples in S \ U, and define the generalization on the unseen (GOTU) for an
algorithm f and target function f as

GOTU(f, f.U) = Ex~pult(fou(X), f(X))]- (1)



Note that we only sample on U at testing because we assumed zero training error and sample there
uniformly.

A few remarks are in order:

e GOTU is a special case of OOD and distribution shift setting that is extremal in the sense
that it completely gives access to part of the distribution domain and completely omits the
complement. Since we consider rich enough models to interpolate the data, the ‘statistical’
and ‘approximation’ pillars of the learning problem are removed (there may still be random-
ness used by the learning algorithm, thus statistical analysis may still be relevant). The
problem thus turns into a pure optimization problem where the central object of study is the
implicit bias of the learning algorithm on the unseen. Note that this is not exactly the same
implicit bias as studied in the setting of overparametrized models (Soudry et al., 2017; Gu-
nasekar et al., 2017, 2018; Arora et al., 2019; Razin and Cohen, 2020; Chizat and Bach, 2020;
Moroshko et al., 2020) as here we have the distribution shift and investigate the behavior of
the equivalence class of interpolators on the unseen U.

e In some experiments, we replace the ‘perfect’ training data on the seen domain with a ‘large’
sampling on the seen domain. We defined the GOTU in the extreme case to simplify the
number of parameters to track and to allow for cleaner theorem statements, but there could
also be a sampling rate on  \ U; this is left for future research. Also, we assume here a
uniform prior because this is a natural first case for arithmetic/logic tasks, but this could also
be relaxed.

e We will consider different subsets U in the applications. We are sometimes interested in U’s
for which the data invariances or equivariances could give hope to learn. This is further
specified with the next definition.

Definition 3. A function f:Q — R is (1) G-invariant or invariant under the group action G on
Qif f(gz) = f(x) forall g € G, x € Q; (2) G, o-equivariant or equivariant under the action G;, if
fgi(x)) = go(f(x)) for all (gi,90) € Gio and x € Q.

As stated earlier, we cannot expect algorithms to generalize on the unseen domain by themselves.
However, we can hope that certain training algorithms will catch invariances/equivariances and
thus extrapolate. For example consider the parity function on d bits defined as f(z1,...,zq) =
x1x9 - x4. This function is permutation-invariant (group G = Sy). In particular, if one uses a
model favoring permutation symmetries, one may not have to see all inputs that are permutation
equivalent. There has been a series of works designing layers/architectures that are equivalent
under a prespecified family of actions (e.g., all permutations) (Ravanbakhsh et al., 2017; Zaheer
et al., 2017; Hartford et al., 2018). More recently, (Zhou et al., 2020) proposes a method to learn
invariances in a multi-task setting using meta-learning. An example of an equivariant Boolean
function would be the majority function on {+1, —1}¢, d odd, with the action of global bit flipping
on the input and the output (since the majority is reversed if all the bits are flipped). Thus a
holdout on vectors of dual-weight could again be handled by a model having such an equivariance.
Note that we are also interested in cases where these equi/in-variances are not present in the target,
to understand what solutions neural nets favor on the unseen.



3 Results

We assume f : Q — R with Q = {£1}¢. We introduce some preliminary material on Boolean
functions in the next section and then state our results.

3.1 Preliminaries

Fourier-Walsh transform. Any Boolean function f : {1}? — R can be expressed as f(z) =

ZTG[d] F(T)xr(z), where x7(z) = [Licr xi are the monomials and f(T) = Ex oy parye e (X) f(X)]
are the coefficients.

Unseen domain and vanishing ideals. We now introduce the unseen domain U. First, consider
the canonical holdout, when a bit is frozen during training, e.g., 7; = 1 and U = {z € {+1}¢:
x; = —1}. In this case, one can see that any function of the form f(z) + (1 — z;)A(z) is an
equivalent interpolator on the training data. This can be extended to more general sets. For
instance, consider the case that (z;,x;) # (—1,—1) during training. This is equivalent to the
condition (z; — 1)(z; — 1) = 0 for the training samples, which gives f(z) + A(x)(z; — 1)(z; — 1)
as the equivalence class of interpolators. For general unseen domain 4 C Q = {£1}", there
exist polynomials vy (x),...,vg(x) such that x € Q\U <= vi(z) = v2(z) = ... = v(x) =0
(see Appendix C). Consequently, all solutions of the form f(x) 4+ Aj(x)vi(x) + - - Ag(z)v(x) are
equivalent during training. This is the quotient space of f under the vanishing ideal defined by
Q\ U. We refer to Appendix C for more details on this relation to algebraic geometry.

We now define measures of complexity relevant to us.

Definition 4 (Degree). For a function f : {£1}% — R, the degree deg(f) refers to the mazimum
degree of the monomials present in the Fourier- Walsh transform of f.

Definition 5 (Degree profile). For a function f : {£1}¢ — R, we define the degree-profile of
f, degpro(f) € R™L such that deg_pro(f); = ZTC[d],|T|:d+1—i f(T)2 for1 <i¢ < d+1. Fur-
thermore, we consider lexicographic ordering on these vectors, i.e., deg_pro(f) < deg_pro(g) iff
Ji deg_pro(f); < deg_pro(g); and deg_pro(f); = deg-pro(g); 1 < j <.

Note that the degree-profile is a stronger notion of degree, i.e., deg(f) < deg(g) = deg_pro(f) <
deg_pro(g).

Definition 6 (Min-degree interpolators (MDIs)). Consider a target function f and unseen domain
U. The set of interpolators is defined as Fuy(f,U) = {g : {£1}¢ = R | g(x) = f(x),Yx € U},
where U == Q\ U is the seen domain. We call an interpolator a min-degree interpolator (MDI) of
(f,U) (or of {x, f(x)}zeuc) if it is an element of Fine(f,U) that minimizes the degree-profile with
respect to the lexicographic order. This means that no part of the Fourier- Walsh expansion of the
interpolator could be replaced with a lower-degree alternative and still interpolate.

For example, consider the case of ‘canonical holdout’ where we always have z; = 1 at training,
ie, U = {zr € {£1}¢: z; = —1}, and target function zyxs + x1x324. Here, both z129 + z324
and x9 + x3xy4 are of degree 2 but only xo + x3x4 is an MDI because z1xs in the first function is
replaceable with the lower-degree xo alternative. Furthermore, note that there may be multiple
interpolators having minimal max-degree rather than degree-profile. For example, consider the
unseen domain induced by z; = z; and target function f(z) = x;+;. Then 2z; of z; +x; are both
interpolators with minimal max-degree, but only x; + x; is an MDI with a minimal degree-profile.



In fact, the MDI is always unique (if f; and fy are interpolators with the same degree-profile, then
# is an interpolator with a smaller degree-profile unless f; = fs.)

3.2 Main theoretical results

We show that certain network models have a min-degree implicit bias on the unseen. Our first
result is on learning sparse Boolean functions with random features model.

Definition 7. We consider a P-dimensional latent function h : {+1}F — R embedded in ambient
dimension d. More precisely, we consider learning f : {£1}% — R such that f(x) = h(ziy, ..., Tip).
We further denote I = {i1,...,ip} and x1 = (x4, ..., Tip) (same as (Abbe et al., 2022b)). We also
assume that some specific combination of xy are not present in the training samples, i.e., xy ¢ U*
and define the unseen domain as U = {x € {1} | 21 € U*}.

Note that considering sparse function enables us to define the unseen domain properly and dif-
ferentiate between the unseen domain (where there are minimal structures) and unseen data (for
example when there is uniform sampling).

Our first result is for the random features (RF) model (Rahimi and Recht, 2007). The RF model
was initially introduced to approximate kernels and enhance the time complexity of kernel methods
(Rahimi and Recht, 2007). They can also be viewed as approximations of neural networks in the
NTK regime (Jacot et al., 2018; Ghorbani et al., 2019; Mei and Montanari, 2022). In this paper,
we take the latter view on the RF model as well, with the following formulation.

Definition 8 (Random features model). Consider v € R? as the input; we define random features
model with N random features as

%\H

frr(z;a,w,b)

N
Z ((wi, ) + b;), (2)

where a; € R are the trainable parameters, o is the activation function, and w;,b; ~ N (0, é)@)d ®
N(0, L) are the random weights and biases. We use ¢y, () == o((w;, z)+b;) as a shorthand notation
for the i-th feature.

The following activation property is used as a strengthening of the condition in (Abbe et al.,

2022c¢).

Definition 9. (Strongly expressive) We call a continuous activation function o : R — R strongly
expressive up to P if (A1) o satisfies upper bound By pr(0,2) [0(9)%] < oo; and (A2) VT C [d],|T| <
P Eyp[ws(T)?] = Qa(d1T1), where ¢4 (T) = Eylo((w, z) + b)xr(x)] is the Fourier coefficient of
T in random feature created by w,b.

As will be proven in Lemma 2, property (A1) implies E[¢,,(T)%] = O(d~!T1) for |T| = Oq4(1).
Therefore, the second condition (A2) is ensuring that the model is able to strongly express degree
k < P monomials.

We note that qgmb(T)2 has been studied in (Abbe et al., 2022¢) as the initial alignment (INAL)
between monomial x7(z) and ¢, p(x). Indeed, based on Lemma A.2. of (Abbe et al., 2022c), the
following conditions give us a family of strongly-expressive activation functions.

Lemma 1. Any continuous polynomially-bounded function o such that its first P coefficients in
the Hermite expansion are non-zero is strongly expressive up to P.



For example, polynomial activation functions such as (1+2)¥ are strongly expressive up to k.

Theorem 1. Let f : {#1}¢ — R be a P = Oy(1)-sparse function to be learned in the GOTU
setting (Definition 7) by a random features model with parameters (N, o,a,b,w) (Definition 8) with
a strongly expressive activation function. As N diverges, the random features model can interpo-
late the training data with high probability. Furthermore, defining f}é’g(b{) to be the interpolating
solution minimizing ||a||2 (i.e., the solution reached by gradient descent/flow starting from a = 0
under ly loss), we have w.h.p.

FEN @) N2 MinDeglnterp(f,U) + €4 (3)

where MinDeglnterp(f,U) is the min-degree interpolator (MDI) on the training data {z, f(x)}zcye
and €q is a function on P wvariables that tends pointwise to 0 as d diverges. (We refer to the above
as a ‘min-degree bias’ or ‘MDI bias’.)

Proof Sketch. In Lemma 2, we show that random features generated by a strongly expressive o
have in general a decaying degree-profile with Eq [0 4(T)?] = ©(d~T) for |T| < P. We then
investigate the interpolators in the Fourier-Walsh basis and show that the minimality condition of
|lal|2 is equivalent to learning the minimal degree-profile interpolator since high-degree monomials
are less expressed in the features and consequently larger ||a||’s are required to capture them.

The full proof relies on concentration results and Boolean Fourier analysis and is given in Section
A.

Remark 1 (Other activation functions). Note that Theorem 1 does not hold for any arbitrary
activation function. For evample, if the activation function is o(z) = 2%, one can easily see that
Ewyb[qgmb(x)({i})Q],Ewb[qgw’b(x)({i,j})Z] € ©4(d~?), and hence degree 1 monomials have no priority
over degree 2 monomials. An important case is ReLU activation. Results of (Abbe et al., 2022c¢)

show that for ReLU activation and |T| < P, we have

Q(d~ITh |T| even or |T| =1
Q(d=TI=1)  otherwise .

Eu [ fws(T)%] = { (4)

Consequently, the min-degree bias still exists, but in a weaker form. For further discussion and
experiments on ReLU activation refer to Appendiz A.

In the experiments, we show that having the sparsity assumption may not be necessary in some
cases, and the min-degree bias can be observed for small values of d and N as well. Furthermore,
we show that the min-degree bias goes beyond the random features and NTK models; see Section
4.

We next move to a theorem on deep diagonal linear neural networks where we will be able to analyze
non-linear dynamics for gradient flow. Note that in the case of linear functions, replacing a degree-1
variable z; with the degree-0 variable 1 is the only case of lower degree bias. In other words, we
consider the case that unseen data is U = {x | ;, = —1} (referred to canonical holdout in (Abbe
et al., 2022a)). We show that diagonal linear neural networks learn the min-degree interpolator
with a leakage factor that vanishes as their initialization scale is small enough or as their depth is
large enough. We now define diagonal linear neural networks with bias.

Definition 10 (Diagonal linear neural network with bias). We define a diagonal linear neural
network with bias as an extension of diagonal neural networks, where there is only one parameter



for bias at the last layer. More precisely,

L L
0= (b,wgl),...,wg),...,w§ ),...,wé )),
d L
NN (@, wa0) = b+ ) ( w§”) T,
i=1 \l=1

where 0, d, and L represent the model’s parameters, input dimension, and depth, respectively.

Theorem 2. Let f: {+1}¢ = R be a linear function, i.c., f(x1,--- ,xq) = f(0) + L, F{i})z:.
Consider learning this function using gradient flow on a diagonal neural network (where depth
L > 2) while the k-th component is frozen at training (the canonical holdout setting with U =
{x € {£1}¢ | 2, = —1}). For any e > 0, there exists an Qmas (increasing with L) such that if
all the model’s parameters are initialized i.i.d. under the uniform distribution U(—a, ) for any
0 < a < min{amaz, %}, then, with probability 1, the training loss converges to 0, and the coefficient

of the learned function fnn on the high-degree monomial xy is less than €, i.e., fNN({k:}) <e.

Proof Sketch. We prove this theorem by analyzing the trajectory of gradient flow on the parameters.
Primarily, we show the convergence of the model. Note that fNN({k}) < e is equivalent to zj being
ignored by the neural network, i.e., the frozen variable xj not contributing to the bias learned by
the neural network. We pursue the proof in two steps. As the first step, we show there exists a
time T, such that the bias is almost learned by the bias parameter and the rest of the parameters
and the role of z;, = 1 are still small (note that this point is close to a saddle). For the second step,
we show that the contribution of x; = 1 to the bias will not change much throughout the training
process.

Remark 2. Note that with the assumptions of Theorem 2, the generalization error of the model

becomes'
GOTU(fa fdiagau = {ZL‘ F Tk = _1}) = 4Infk(f) + O(E)a

where Inf,(f) = f({k})? is the Boolean influence of the k-th bit (O’Donnell, 2014). This confirms
the empirical observations of (Abbe et al., 2022a) on fully connected linear neural networks. Indeed,
we expect our proof to generalize to fully connected linear neural networks. Assuming small enough
initialization, one can show that the bias parameter of the last layer would learn the bias of the
target function while the rest of the parameters do mot move much, which is the first step of the
proof. The second step, showing that the contribution to the bias remains the same after this point,
requires more precise analysis since the network’s learning of weights and biases are closely coupled.

4 Experiments

In this section, we present our experimental results on the min-degree bias of neural networks.? We
have used four architectures for our experiments: a multi-layer perceptron (MLP) with 4 hidden
layers, the random features model (Definition 8), Transformers (Vaswani et al., 2017), and 2-layer
neural network with mean-field parametrization (Mei et al., 2018). By doing this, we consider a
spectrum of models covering lazy regimes, active/feature learning regimes, and models of practical
interest. For the Transformer, £1 bits are first encoded using an encoding layer and then passed
to the Transformer; while for the rest of the architectures, binary vectors are directly used as the
input.

IThe factor 4 is removed if we consider the half-quadratic loss and GOTU on the full space.
2Code: https://github.com/aryol/GOTU


https://github.com/aryol/GOTU

For each experiment, we generate all binary sequences in ¢ = {£1}?\ U for training.> We then
train models under #5 loss. We employ Adam (Kingma and Ba, 2014) optimizer for the Transformer
model and mini-batch SGD for the rest of the architectures. We also use moderate learning rates
as learning rate can affect the results (refer to Appendix B.2). During training, we evaluate the
coefficients of the function learned by the neural network using fyn(T) = E, vy xr (@) fan(z)]
to understand which interpolating solution has been learned by the model. Moreover, each ex-
periment is repeated 10 times and averaged results are reported. For more information on the
setup of experiments, hyperparameter sensitivity analysis, and additional experiments refer to Ap-
pendix B.

Here, we consider the following 3 functions and unseen domains on input dimension 15. Dimension
15 is used as a large dimension where the training data can be generated explicitly but has otherwise
no specific meaning (Appendix B provides other instances). The first function is an example of
degree-2 where the unseen domain induces a degree-1 MDI. The second example is the classic degree-
2 parity or XOR function. The third example is such that the function is symmetric under cyclic
permutations while its MDI is not, in order to test whether certain models would favor symmetric
interpolators. We also consider other examples such as the majority function in Appendix B.
Let:

1. fi(x) = zox1 — 1.25x129 4+ 1.52920 and Uy = {xpz122 = —1}. In this case we have zgx; = x2,
mlxg = 1z, and xoxg = x1 for the training samples, hence the min-degree interpolator is

fi(x) = x9 — 1.2520 + 1.521.

2. fa(z) = woxy and Us = {(z9,21) = (=1,—1)}. Note that in the min-degree interpolator is
fo(x) = 1 + xo — 1 for the seen domain.

3. f ( ) = XoT1Ly + T1L2x3 + - -+ + XT13X14%0 + x14:1:0:1:1~and Us = {(:L’o, xy, (Eg) = (—1, -1, —1)}.

In this case the min-degree interpolator is given by f3(x) = (zox1 + T122 + T2x0 — T — T1 —
ro + 1) + 212023 + - - - + 21321470 + T14T0T1.

We generally obtain that the Transformer exhibits a strong MDI bias. The solutions learned by
the Transformer for fi, fo, f3 are shown in Figure 1. It can be seen that these are very close to
the MDI in all cases. However, other models also display a ‘leaky’ MDI bias where higher degree
monomials are still captured along with the lower degree ones. In particular, Figure 2 shows a
mean-field model and an MLP having such leaky MDI. Note that the RF model in Figure 2 has a
small leakage as well, simply caused by the ambient dimension being d = 15 and not diverging as
in Theorem 1. In Appendix B.2, we also discuss the effect that large learning rates may increase
the leakage.

5 Further implications

We now discuss some of the consequences of the min-degree bias. First, we explain why the
min-degree bias makes some length generalization problems difficult. Second, we show how to
turn the min-degree bias into a strategy for curriculum learning and enable an improved sample
complexity.

3In practice, one can generate a large enough number of samples so that the function is learned well on the training
distribution.
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Figure 1: Target functions fi, f2, and f3 learned by the Transformer (model details in Appendix B).
Note that in all of the cases the Transformer model learns a solution very close to the min-degree
interpolator. More precisely, the coefficients of zgx1, z122, 220 in the left plot (f1), the coefficient
of zpz; in the middle plot (f2), and the coefficient of xgz1xe in the right plot (f3) are close to zero.
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Figure 2: f4(zo,...,x14) = xox1 learned by the RF, MLP, and mean-field models while samples
satisfying (xg,z1) = (—1,—1) are withheld during training. Consequently, zoxix (solid orange
line) is replaceable by z¢ + 1 — 1 (dashed lines). The MLP and mean-field models learn a leaky
min-degree interpolator with the xgx; coefficient bounded away from 0. The RF model learns the
min-degree interpolator with a small leakage since the ambient dimension is d = 15; this leakage
disappears as d increases as stated in Theorem 1.

5.1 Length generalization

Several recent works on the reasoning of neural networks evaluate whether neural networks are
able to generalize when the length of the problem is increased, and it is often found that neural
networks struggle with length generalization (Zhang et al., 2022; Anil et al., 2022). For example,
consider learning the parity problem parity(z1,...,xq) = z122- - x4 on z; = £1. Two variants of
this task can be considered: (1) the number of bits, d, is increased during test, and (2) d is the
same during training and test; however, during training, only samples with a bounded number of
—1’s are observed, i.e., the radius » Hamming ball B, := {x € {£1}¢ | #_1(z) < r} (note that +1
is the identity element in this setting). (Anil et al., 2022) show that both of these variants capture
the notion and difficulty of length generalization.* Here, we focus on the latter variant which falls
under our GOTU setting.

“We train our model directly on the parity function; whereas (Anil et al., 2022) uses large language models and
fine-tunes parity tasks on them. In this sense, our approach is closer to (Zhang et al., 2022) which also train models
on their synthetic task.
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Theorem 3. Consider a Boolean function f : {£1}% — R. Then (i) there exists a unique function
fr: {£1}¥ = R such that Yz € B,, f.(x) = f(x) and deg(f,) < r; (ii) when f is a parity function

(monomial) of degree k < d, the £a-test-loss of the MDI is larger than (’H)?

T

We defer the proof to Appendix A. Now consider learning the parity function xixs--- x4 where
training samples have r or less —1 coordinates, i.e., training samples belong to B,. Using the
previous theorem, there is a degree r alternative to zixs---x4. Note that when such a low-degree
alternative exists, assuming the min-degree bias, the model will learn this alternative instead of the
full function of degree d. This explains why in this case neural networks cannot generalize when
the length is increased. We conduct an experiment to evaluate this, where we learn the full parity
function on 15 bits using the MLP model trained on different lengths. Figure 3 shows that we learn
more of lower degree terms and less of the full parity term as we train on shorter lengths.

1.75 A —8— Bjs (full space)
1.50 - == By

—— Bg
1.25 A —e— Bg

-0 By

1.00 A

Bs
0.75 A1 \

()

0.50 A /\\\
0.25 +
0.00 -"C:\"“ P A M

& SR v

0 2 4 6 8 10 12 14
Degree

Total norm of monomials of a certain degree

Figure 3: Learning full parity function in dimension d = 15 in the length generalization setting with
inputs in Bg, By, Bg, By, B1p and Bjs (full space) respectively, with an MLP (model details in Ap-
pendix B). X-axis: degree-profile component, Y-axis: degree-profile value, i.e., ZT:|T\:x fNN(T)Q.
As the length of training samples is decreased, the coefficient of the full parity gets smaller and the
coefficients of low-degree monomials get larger.

5.2 Curriculum learning

The bias of neural networks towards min-degree solutions can also be utilized to boost the learn-
ing via a curriculum learning (Bengio et al., 2009) algorithm. We propose to train models by
increasing the ‘complexity’ of training samples with respect to the input Hamming weight, i.e.,
B, C B,, C ... C B,, where B, is the Hamming ball of radius . Training a model on samples
included in B, with r < d produces biased inputs compared to the uniform distribution. It has been
shown that learning parities with GD on biased inputs is easier for various architectures (Malach
et al., 2021; Daniely and Malach, 2020). In particular, the biasedness of the input distribution can
be viewed as converting a monomial on non-centered inputs to a staircase on centered inputs as
discussed in (Abbe et al., 2021). Moreover, (Abbe et al., 2022b) shows that the sample complexity
for learning staircases is significantly reduced compared to that of monomials of matching degree.
In particular, a layer-wise analysis shows that the hidden neurons in the first layer detect the sup-
port of a parity function under biased inputs, allowing for the fitting of the target function with
the second layer if enough neuron diversity is available. One can thus attempt to bootstrap this
approach and progressively climb the support (and degree) of the target function by training suc-
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cessively the network on increasing balls. We now develop this approach into a general curriculum
algorithm.

Algorithm 1 Degree-Curriculum algorithm

Input: Training samples S = {(z;,v;)}",; Cwrriculum B,, C B,, C ... C B, = By; Loss
threshold e
for i =1 to k do
Sy, = {(z,y) € S|z € By,} (samples in B,,)
Initialize train loss = 1 + €.
while train loss > ¢ do
train model with SGD on S,
update train loss
end while
end for

Note that at the i-th step of Algorithm 1 the training samples all belong to B,,. Therefore, for
models obeying the min-degree bias on the unseen, the model learns a min-degree interpolator of
degree at most r; (e.g., Theorems 1, 2). Furthermore, if the sampling set S is such that B(r;) NS
contains enough degree r; elements, the min-degree interpolator is of degree r; — see Theorem 3. If
one then takes r; = r;_1 4+ 1, the new min-degree interpolator has monomials at step ¢ — 1 that are
contained in those at step 4, as in the learning of a merged staircase function (Abbe et al., 2022b)
(and a lower leap function more generally if one takes a leap in the curriculum degrees). Thus, for
a parity function, the proposed curriculum learning algorithm learns the support sets incrementally
as for the implicit staircase function.

We evaluate the Degree-Curriculum algorithm on learning full parity function zgzi---z4—1 in
dimensions d = 16 and d = 30 with an MLP. More precisely, for the same training set and
hyperparameters, we once train the MLP with normal SGD and once with the proposed Degree-
Curriculum Algorithm. We choose curriculum By, Bg, B1a, Big (curriculum-leap of 4) for dimension
16 and curriculum By, By, ..., B3 (curriculum-leap of 1) for dimension 30. We also set the loss
threshold to e = 0.001. The results are depicted in Figure 4.

dim =16 dim =30
0 — ¥ v
10° 4
100 4
A
N\,
N\
N
N\,
n w \\
810! 8 AN
7 4 A
& @ AN
107t 4 T
1072 4 S— S~
-A- Curriculum (leap 4) Tt~ -A- Curriculum (leap1) T TT=e—o_
—¥— No Curriculum —¥— No Curriculum A
3000 5000 7000 9000 11000 8000 10000 12000 14000 16000 18000 20000
Number of training samples Number of training samples

Figure 4: Test loss on the full parity function in dimensions 16 (left) and 30 (right) for different
sample complexities with and without the Degree-Curriculum Algorithm. We note that the MLP
model trained without curriculum was not able to learn the full parity function in dimension 30
(right) for the given sample sizes (and even up to 10° samples), in contrast to the same model
trained with Degree-Curriculum.
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In Algorithm 1, it is assumed that the training set is given with the random access model. We can
also consider a variant with the query access model, where at step ¢, training samples are queried
directly from B,, (or some distribution). In the former case, the probability of a sample belonging
to B, is small for small values of r (e.g., r = 04(d)). The Degree-Curriculum algorithm with query
access model can on the hand sample more heavily the low-radius balls, which may be beneficial
in certin cases.

Finally, we can naturally extend the Degree-Curriculum algorithm to other settings (also non-
Boolean) using the same principle as above:

Build curriculum sets {Bz} of ‘increased complexity’ in order to have a path of learned functions
on support sets {S(i)} that are as tightly nested as possible (e.g., staircases or low-leap functions
(Abbe et al., 2022b)), with the target function at last.

6 Conclusions and future directions

In this paper, we put forward the concept of generalization on the unseen (GOTU) and considered
the learning of Boolean functions. We showed that various network architectures have a bias toward
a min-degree interpolator (MDI), with theoretical results for RF and DLN, and experimental results
for Transformers. We also found empirically that for large learning rates or for other models such
as mean-field networks, a leaky version of the MDI takes place.

We showed that the min-degree bias can be utilized in a more efficient curriculum learning algorithm
where the training takes place on sets of increasing complexity. We also demonstrated that the
min-degree bias can impede the learning of symmetric solutions and makes length generalization

difficult.

The min-degree bias is a form of Occam’s razor chosen by GD-trained neural nets, where the
‘simplicity’ is measured by the ‘degree-profile’. However, this might not be a desirable form of razor
for various reasoning tasks. We believe that other forms promoting symmetries, compositionality or
more generally minimum description length (MDL) may often be more suitable. The next natural
steps are thus to correct this min-degree bias. We propose here some natural directions to pursue:
(1) architecture design promoting symmetries or compositionality, (2) hyperparameter tuning (e.g.,
learning rates, scale), (3) data augmentation and multitasking, (4) MDL-like regularization at
training.
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A Proofs

A.1 Proofs for the random features model

We start by proving a lemma showing that for strongly expressive activation functions each random
feature is low-degree in the sense that the high-degree monomials have small coefficients in the
Fourier-Walsh expansion of random features.

Lemma 2 (Random features are low-degree). Consider random features generated by an activation
function which is strongly expressive up to P = Oq4(1), i.e., ¢y p(z) = o((w,x) + b) where w;, b ~
N(0, é) are the random weights and bias. We have the following additional properties:

A3. YT C [d] Euypldws(T)?] exists and By p|dwp(T)?] = O(d~ 1) for |T| < P;
A4 By plbwp(T)buws(T)] =0 for T #T'; and
Ab. Ew,b[éw,b(T>2] =0 éw,b(T> =0V w, b:

where ngﬁw,b(T) is the coefficient of monomial T' in random feature ¢y, p(x).

Proof. For property (A3), consider all subsets of [d] = {1,...,d} with size k < P: T1,T5, ..., T(d).

k

Note that due to the symmetry, we have Eq, 5[¢(T1)?] = - - - = Emb[gz%(T(d))Q]. Moreover, we have
k

>

©
() BwtlblT) = 3 Bl (0] = Busl 3 ST < Bual 3 1] = BuplBalo(@?] ()

i=1 i=1 TC[d)
= Eu[Euplo((w,2) + %)) = E, o a3, [0(0)), (6)

where in Equation 5 we used Parseval’s identity. By assumption (Al) on the function we know
that E;ar(0,2) [0(g)%] is finite. Thus, EyA0,2) [0(g)?)? is also finite and EQNN(O’%l)[J(g)Q]AQ can be
upper bounded independently of d, which proves the existence part. Furthermore, Ew,b[qﬁ(Ti)Q] =
Od((z)il) = 04(d™*), where we used k < P = O4(1). Now by property (A2), we can conclude that

Ew p[bws(T)?] = O(d~T1) for |T| < P.

For property (A4), assuming T' # T take i € TAT'. Without loss of generality suppose i €
T,i ¢ T'. For weight vector w, we flip the sign of the i-th coordinate and denote the result-
ing vector by w—_;. Now note that Eglo((w,z) + b)xr(2)] = —Ez[o({(w—;,z) + b)x7(z)] and
Ee[o((w, 2)+b)x1/(2)] = Ex[o((w—i, ) +b)x1 (2)]. Hence, ¢u p(T)dpwp(T") = =dw_, p(T)pw_, b(T")
and By p[bu,p(T) dup(T')] = 0.

Note that the last property is a consequence of the continuity assumption on the activation function.
O

Now we can prove Theorem 1.

Proof of Theorem 1. First, recall the set of all interpolating solutions on the training set U as

Ent(ftargetvu) = {f : {il}d —-R | f(.’L’) = ftarget(x) Vz € uc}
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Note that a solution given by aq,...,ay is interpolating if and only if ﬁ Zf\;1 a;¢;(x) € Fint-

Moreover, we study the features and solutions in the Fourier-Walsh basis. First, we index all
possible monomials, i.e., {T1,T5,..., Ty} = 211234 and yp (z) = [I;er, ;. Further, we define
the coefficient of monomial T} in the i-th feature as qgl(T]) = Ey[¢i(z)xT,(7)] and F € R2'xN
as the matrix of features in the Fourier expansion, i.e., F;; = ﬁq%(ﬂ) Using this notation, a
corresponds to an interpolating solution if and only if

3ge]%nt Fa:f]v (7)

where ¢ represents function g in the Fourier-Walsh basis. Furthermore, note that

(FFT);

Mz
~

1 N
k—l ¢k: \/N =N Z (8)
Note that weights and biases of the features are sampled i.i.d., therefore, as N — oo, (FFT);;
converges t0 N (Ey [¢w (T}) b (T})], N~ Vary, [¢y, (T V) (T j)]) in dlstrlbutlon due to the central limit
theorem (CLT). Note that for the CLT to hold, the variances have to be finite which holds because
of property (A1). More specifically, Egr(0,2) [0(9)4} is finite, and hence, Eg~N(0 di1) [0(g)4] is finite.
7 d

Moreover,
2 > By no ﬂ)["(g)ﬂ = Eup[Eclo((w, z) +0)Y]] 2 Eup[Eslo((w, ) +b)]’] (9)
= Ew b Z ¢w b > Ew b[¢w b( i)2¢gw,b(7—‘j)2] Vivjv (10)
TCld)

where we used Parseval’s identity from Equation (9) to Equation (10). We define ® € R2%2% g a
shorthand notation as

i
i=j’

;i j = By p b b (Th) P (T))] = {I?E[qﬁ o(Th)?) (11)

where we have used properties (A3) and (A4).

A.1.1 Existence of interpolating solutions

Now, we show that an interpolating solution exists with high probability. Particularly, take any
interpolator g that only depends on the latent variables z;,,...,z;, and we show that g is in
the image of F' w.h.p. and hence being an interpolating solution given Equation (7). Consider
monomials such as T' for which Vw,b qgwb( T) = 0. Due to properties (A2) and (A5), we know
that such T’s satisfy deg(7") > P, hence their corresponding rows are both zero in F' and in g. We
remove these rows from F' and § and call the new ones F and g. We also remove corresponding
rows and columns from ® and denote the new matrix by ®

Note Fa = § <= Fa = g, therefore to prove that § € Image(F ) its enough to show that F is full
row-rank, or equivalently, FFT is full rank. Note that FEFT converges to ® almost surely. Note
that @ is a diagonal matrix such that all elements on the diagonal are positive as all zero-entries
of the diagonal are already removed by property (A5). Therefore ® is full rank and FFT becomes
full rank almost surely as N — oo. This concludes the proof of the existence of interpolators.
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A.1.2 Learning the min degree-profile interpolating solution

Now, we investigate the interpolating solution found by the model. Note that we are interested
in the interpolating solution with the minimum norm [lalj2 (which is the solution found by GD
starting from a = 0). Consider an interpolating solution g € Fin. The interpolator g is found by
the model if and only if Fla = g, where g is the Fourier expansion of g written in the vector form.
Moreover, note that the a satisfying Fa = ¢ with the minimum norm ||al|2 is a; = F' g, where F
is the Moore-Penrose pseudo-inverse. Therefore, we have

2 . T A2 _ . T2
a = min F — =ar min F . 12
lanelf = min 9= g =ars_min - |F)3 (12)

Now note that we have
IFYg|3 = |FT(FFT)g)5 = g" (FF")TFFT(FFT)Tg (13)

We know that FFT almost surely converges to ®, which is a diagonal matrix. Moreover, by
property (A5), we know that the zero elements on the diagonal of ® correspond to zero rows of F,
and hence zero entries of g since g € Im(F). Thus, we can say that (FEFT)" and ||Fg||? converge
to ® and ¢"®'g as N — co w.h.p. Furthermore, since g € Im(F), zero entries on diagonal ® (or
<I>T) correspond to zero entries of g, thus, we also have

9 N—oo(a.s.)

= ar min Flg||2 =/ ar min Tty 14
gre =arg o win ) 10 % geFumgeimr) ) 7 (14)

Also note that .
Fog= 3 T R (15)
TC[d) B p[$(T)2]5£0

We now focus on interpolators minimizing the quantity introduced in Equation (15). First, note
that these interpolators do not have any monomials having a variable other than latent variables
{xiy, ..., 2, }, ie., all of the learned monomials would be in ol@inmip} Ty gee this, consider an
interpolating solution g containing such monomials, 71, ..., T, Z Ip = {i1,...,ip}. For simplicity,
we use the notation x = (z1,,z(g\1,) to differentiate between latent variables and the rest of the
bits. Now define

91((@1p, wap ) =270 > 9(). (16)

x[d]\lpe{il}d—P

Note that g;((x1,, T\ 7)) is independent of x4 7,. Therefore gr(z) = g(x) for all the training
samples. Moreover, note that

91(T) = (17)

g(T) TClIp
0 0.W. ’

which shows that g;®Tg; < g®Tg unless ¢ = g7. Note that if Ew,b[gg(T)ﬂ = 0 for some T, then
g(T) = 0, since we are considering the solution learned by the RF model and § € Im(F"). In sum,
the function learned by the RF model converges to an interpolator that only contains the latent
coordinates, as N — oo w.h.p. Note that E[qgwb(T)Q] is the same for all T' of the same size due

to symmetry, we denote this shared quantity by <]5|T\,d‘ Now, we revisit Equation (15), for the
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functions defined on latent coordinates Ip, we have

g' g = > G(T)* By p[up(T)?] (18)
TC[d]:Ew,[¢(T)2]£0
P
= Z g(T)2Ew,b[¢zw,b(T>2]_l = Z( Z g<T)2>(£|_Tl|7d- (19)
TCIp i=0 TCIp:|T|=i

Note that since o is strongly expressive up to P, we have gb,;il = O(d*). Putting this along
Equation (19) shows that the solution of the RF model converges to M DI + ¢4 almost surely as
N — oo, where ¢4 is a vanishing function (w.r.t. d) on the latent coordinates, which concludes the
proof. O

A.1.3 RF model with ReLU activation

In this part, we study the random features model equipped with the ReLLU activation function.
Here, we mostly rely on the results of (Abbe et al., 2022¢). First, following proposition B.1 of
(Abbe et al., 2022c), we note that for every odd k > 3, the coefficient of k-th Hermite polynomial
in the Hermite expansion of ReLU is zero. On the other hand, this coefficient is non-zero for k = 1
and any even k. Consequently, following Lemma A.2 of (Abbe et al., 2022¢), for monomials xp
and |T| < P = O4(1) we have

Q(d=ITh |T| even or |T| =1
Q@ ITHD) - 0.0 ’

(20)
where q&w’vaeLU(T) is the coefficient of monomial 7" in random feature created by the weights
and bias w, b and the ReLU activation. Informally, Equation (20) indicates that odd monomials
with degrees larger than one are not strongly expressed in the random features when ReLU is
used as the activation function. Nonetheless, note that as in Lemma 2, we can still deduce that
Ew,b[éw,b’ReLU(T)] = O(d_m) for |T| < P = O4(1). This upper bound along with the lower bounds
obtained in Equation (20) and the minimization problem of Equation (19) indicate that the random
features model with ReLLU activation would replace degree 2 or 2k + 1 monomials with lower degree
monomials if possible. However, it might not replace degree 2k + 2 monomials with degree 2k + 1
monomials for £ > 1. We further illustrate this with an experiment.

Eyp[Ex[ReLU((w, z) + b)x7(2)]*] = By p[bwprerv(T)] = {

We consider learning f3(xq,...,214) = Tox122 + Toxsrsrs under the unseen domain U = {z €
{£1}'|29 = —1}. Note that in this case, the min-degree interpolator is x1zs + w32475. However,
for ReLU activation we know that z3z4xs would not necessarily be preferred to xgr3z4xs since the
deg(xsx4xs) = 3 is odd. In Figure 5, we compare the solution learned by the RF model with ReL.U
and polynomial activation (here (1+)8). It can be seen that the polynomial activation learns the
MDI, whereas the RF with the ReLU activation function only learns the lower-degree monomial
for the odd monomial and not for the even one.
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Figure 5: Target function f3(zo,...,x14) = xoT1T2 + ToT3T425 being learned by random features

models under U = {xg = —1}. The RF model with strongly expressive activation (here (1 + z)°)
learns the min-degree interpolator (right), while the min-degree bias of the RF model with ReLU
activation depends on the degree of monomials being even or odd (left). More precisely, the RF
model does not prefer degree 2k + 1 monomial to degree 2k + 2 monomial for £ > 1. Note that for
the RF with ReLU activation (left), the coefficients of zgzsx5 and xoxsrszs are equal and hence
overlap.

A.2 Proof for diagonal linear neural networks (Theorem 2)

Here, we present the proof of Theorem 2.
Proof. We denote parameters at time ¢ by 6(t). Also, we consider the training under half /5 loss,

to simply remove the 2 factor from gradients. Consider the (half) /5 loss function for a training
sample x, we have

L(O(t),x, f) = (fNN( ) — f(x))? (21)
d 2
:;<( ®>+Z<Hw >xz> . (22)
=1 =1

Moreover, we know every component of the training sample is sampled from Rad(%), except the
frozen bit which is set to x; = 1. We denote this uniform distribution by Uf;l. Given this, the
expected loss of the training set can be calculated as follows

By o [L(0(0).. )] = LBy (( )+;(gw >)

d L 2
:%Eml <b+Hw —(f©@) + f({k}) > Z(Hw {l}>%‘
#k \I=1
2 d 2
<b+Hw — (f0) + f({K}) ) ;Z<H {z})> : (23)
#k

where we have used Parseval’s theorem (O’Donnell, 2014) to get the last equation. For simplicity,
we define B == f(0) + f({k}) and Bxx = b+ ]/, w,(cl) as the total bias of the target function and
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the neural network respectively. We know the gradient flow (GF) of the parameters of the neural
network is given by

0= ~VoEya1[L(0(t), 7, f)]- (24)

Therefore, using (23), we can derive the gradient flow for each of the parameters as below

b= —VoEaa [L(O(1), —(b+ Hw f®) + f({k})) = —(Bnn — B),
(25)
b = —V 0By [L(0(1), 2 ((b+ H w4 (F0) + F({k})) Hw (26)
J#l

L
= — Hw](g)(BNN — B),
J#l
L L
Vitk, ol = V0B [LO), 7, )] = - (H wl) — f({i})) 1w (27)
=1 j#l
Using the above, we can derive the balancedness property of the neural network, i.e.,

! ) . d, w
= (w)? = 2w 2Hw (Bxy — B) =20 = dt(,p), (28)

L L
, A, Oy o 0.0 O piys G) _ o ) _ A (1)y2
Vi # k, dt(wi )7 = 2w,y = =2 l”lwi f{i}) jlllwi =2w; ‘w; ' = dt(wi )7 (29)

Therefore, Vi (wgl))2 - (wgll))2 is constant during training. Using this property, we can show that

most of the model’s parameters are always bounded away from 0 during training. To see this, fix
an index ¢ € [d]. Let j; = argminje[L]\wl@(O)]. Furthermore, define

¢ = min (w?(0)? = (Y (0))2 > 0. (30)
3#5; €[L]
Since the model parameters are initialized randomly using the uniform distribution, we can say

that ¢; > 0 with probability 1. Now, due to the balancedness property, we know that

Vi # 3t (02w ) = (@ (0)* = @ (0)? = ¢ = @ (#)? = i+ (! (1)? 2 e
(31)

Now we are able to show the convergence of the model. To begin with, note that

d 1 L L
H Zwk Hwk = - (Z(H wéj))z) (Bxy — B), (32)
=1

=1 A I=1 j#l

L L
vigh () Zw [[w? - (Z e )(wa)ﬂ{z’})). (33)
=1

=1 J#l =1 j#l
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Now, first, we consider an index i # k. We have

dL<l>A2 T d (tr. o
dt(Hwi —f({i})> =2<sz- —f<{i}>>dt<sz- —f<{i}>)
=1

Now using (31), we can say

g (L A 2 L L L A 2
i (Hw?’ —f({i})> =2 (Z(Hw@)?) (Hw?’ —f({i})) (36)

L 2
< -2/ (Hw§” —f({i})) , (37)

2 2
(Hw l ) (Hw O >> 2, (38)

in other words, (HZL:1 wz(l) - f({z})) goes to 0 exponentially fast in time, t. Finally, we make the

which shows

same analysis for (Bxy — B)2. We have

d d 2 T d T
£(BNN—B d<b+Hwk ) _2<<b+gwk)_B)>dt<b+gwk>
L L L
—9 ((b +[Tw?) - B)) ((BNN ~B)— (Z(H wg))?) (Byy — B))
=1 =1 j#l
L L )
= —2(Bxn — B)? (1 + (Z(H wl(c]))2)) < —2(Bxy — B)?
I=1 j#l
The last equation shows that
(Bxn(t) — B)? < (Baw(0) — B)?e ™, (39)

i.e., (Bnn(t) — B)? converges to 0 exponentially fast in t as well. Equations (23), (38), and (39)
show that

L(0(t), , f) < L(0(0),z, fe™™, (40)

where ¢ = 2min(1, min({c; };z¢)L1); hence, loss converges to zero exponentially fast in time (how-
ever, it is still initialization-dependent).
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As shown in (39), the bias of neural network, converges like (Bxn(t) — B)? < (Ban(0) — B)2%e™ 2.

64R

We denote R = |f(0) + f({k})] +1 > |Bxn(0) — B|. Now notice that if ¢ > T, := log 5<—, then we
have , )
(Bax(t) = B)? < (Bux(0) = B?e™ < RPe "8 = T, (41)

(@)

We now show the growth of HlL: L w;” is comparatively slower, and therefore, it will not capture
the bias fast enough and will remain small during the entire training process. More precisely, we
bound Hlel w,(f) at the beginning of training (¢t < T¢). We define m = argmax(y ]w,(gl)(())]. Again,
by balancedness property, we know it will remain the largest during training, i.e.,

0] = /()2 < @™ < [ui™)] (42)

Now note that

L
d,  (m
a(w,g 2= 2wy (Bax(t) <2\Hw (Bxn(t) — B)|
j:l
< 2[wy™ | Bxx(t) — B
L m)\2y L
< 2((w™)?) 7| Bxn(0) - Bl = 2((w{™)*) 7 R, (43)
where in the last line we used the fact that (Byn(t) — B)? is decreasing. Now, we provide a bound
for ]wk | First, we consider the case that L = 2. In this case, we have
d m m m m
2" < 2w R = (™ (1))* < (w7 (0)%", (44)

where we used Gronwall’s lemma in the last equation. It also shows
L
1
[Twl ) < w™ )" = w™ (1) < (wi™(0))2e, (45)

Now, we consider the case that L > 2. In this case, we also have (this could be considered as an

(

extension of Gronwall’s lemma, note that wkm) > 0)

L) < 2™ R = (46)
C (™) E = (5 - (™)L ) > (L - 2)R, (47)
using the above we have
(m) (;\2y1-L (m)\2\1-% _ ti (M) \2\1-% < (7 _
(™ (%)% = (w™(0)%) GO 2 (2R — (48)
(m) (yy12—L
S 2 < 1 e (O 49
S (uf™ (P * - (L -2 T L w
hence, we have
W01 < (™ (1) ! P OP
H O P or - agms T R
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Now we consider each of these bounds at t = T,. First, for L = 2, we have
L l
[Twi’ ) < (@™ (0% = (™ (0))*e ", (51)

which is upper bounded by g if (wy, (m )( 0)2<a?<a?,, = 832% Now, we consider the bound for

deeper networks, L > 2, at time ¢t = T.. We want to bound Hl 1 w,g)( t) by €. Using (50) this will
happen if we have

1
(" (O)2+ — (L ~ 2)RT,) 2

= @R+ (O <pPOP " (52

<

ool m

which will happen if [1{™ (0)] < amay == (L — 2)RT, + (£)"T°) 7.

So we proved for small enough initializations, there exists a time, T,, where

L
bz + T[T’ (2 = Bl < 5, (53)
T ¢
|Ewk (Tl < 3 (54)
T T 2¢
o) -8 <z + Lol @) - B+ [[uf @< 5 6

We now show that this picture will not change much during the rest of the training process. To see
this, note that |Byn(t) — B is always decreasing over time and is continuous. Therefore, Byn(t) — B
cannot change the sign (since changing the sign means that the variable had become equal to 0
at some time, which is contrary to the fact that its absolute value is decreasing). Considering
equations (25) and (28) we can conclude that both b(t) — B and Hl 1 Wy l)( t) are either increasing
or decreasing during the whole training. First, consider both of them is increasing. For ¢ > T, we
have

\Hw B|<]Hw )fo§§:> (56)
—€ L 0 L (1) € € € L (1) 3€
eIl <[[ol @ < S - 00 - B < £ -0 - B < X = [[ul 0l < X,
=1 =1 =1
(57)

B]<|Hw B|+|Hwk 7—. (58)

The case for both functions being decreasing is also similar. This shows that fyn({k}) < € during
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the entire training. Now we can study GOTU loss for ¢ > T, using Parseval’s theorem as follows:

GOTU(f, fan, {zx = —1}) = Hwk (f(0) = F({k}))? + Z Hw F{in)?

i#£k =1

(59)

L ~
~ (((b = B)— [[w” +2/({k})* + 0<e—ct>) (60)

=1

= 4f({k})* + Os(e™) + Ocle), (61)
which proves the theorem. Note that if we consider half /5 loss for the entire population €2 the loss
becomes f({k})? + Oy(e™) + Oc(e). O

Remark 3 (Initialization of bias variable). Note that the analysis is independent of the initialization
of the bias variable (as long as it satisfies a simple bound such as |b(0)| < %)

Remark 4 (Effect of depth). The current theorem proves that the low-degree solution is learned
when the initialization scale is small enough. To see the effect of depth, we prove that cumq, found
in this proof is increasing by depth, L. In other words, if we have deeper networks, we can use
larger initializations and still have the generalization error close to the Boolean influence.

Proof for Remark 4. Consider L > 3. We know that amax = ((L — 2)RT, + (%)%)ﬁ For
simplicity define

P = RI, (62)
Q= % > ¢3 (we assume this), (63)
g(x) == (xP + Q72) % . (64)

Now note that amax = g(L — 2). Therefore, we need to prove g(z) is increasing for z > 1. To see
this, note that

d «=x 2
dz - 65
drz+2 (z+2)% (65)
d T x 2
Lo — 07 (n) 2
de +2 Q +2( HQ) (SU + 2)27 (66)
d . P+ Q#z(ln@%
— In(zP + Q=+2) = @ -
dx P + Q=2
} P+QT12 (InQ) o
d —In(zP+ Q%) -z wProE +1In (xP+Qz+z) o
dx x o ) .
Therefore, %w >0, iff
. P+ Q72 (nQ) -2
In(zP + Q=+2) > x " ( 27 (69)
P + Q=+
(xP + Q=+2)In(zP + Q=+2) > 2P + Q=+2(In Q) x (70)

(x+2)%’
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which holds because

_T 1
zPln(zP + Q#+2) > xPIn(Q3) > zP, (71)
Q7 In(aP +Q¥2) 2 Q¥ (Q) " > Q7 (nQ) oy (72)
x+ (x —|—2)

Therefore, exp(w) = g(x) is increasing Finally, we have to compare amax for depths
2 and 3. Note that for depth two amax(2 \f e fle — \/j ~%" while for depth three, we have

Omax(3) = - +1€’/Q' Therefore, we have

1
— >(P+1 > P+ =
Oémax(Q) Q ( \/é \/> max(?))

which gives the desired result. O

A.3 Proof for Theorem 3

Proof. First, we prove the existence and uniqueness of such low-degree interpolators. Afterward,
we consider it explicitly for parity functions.

Note that we know there are no r 4+ 1 bits which are all equal to —1 in B,.. Therefore, for any r + 1
indices, we have (x;, —1)---(x;,,, —1) = 0. Consequently, each x;, ---x;_, can be replaced by a
degree r polynomial. Now consider the Fourier-Walsh expansion of f(x). By applying the previous
identity, one can replace all monomials in the Fourier-Walsh expansion of f(z) with degree r (or
less) alternatives, while the value of the function on B, does not change.

Now we prove the uniqueness. Consider all monomials yr(x) where |T'| < r. There are in total
(g) + (‘11) +-+ (f) = |B,| of such monomials and consider all functions given by these monomials
falz) = ZETI‘ a;xt,(z). Note that for each z; € B, 1 < j < |B,|, falzj) = Z' _1 aixt,(z5). In
other words, fq(x;) is a linear combination of a;s, i.e., (fa(21),..., fxp, )T = M(a1,...,qp,)7,
where M; ; = XT; (x;). Now note that we have proven that any function can be written in this way,
i.e., rank(M) = |B,| showing that dim(ker(M)) = 0 and hence the uniqueness.

Now, we particularly study the case of monomials. Without loss of generality, consider degree k > r
monomial parity,(z) = x1z2 - - xx. We claim that

D=1+ 3 (@-D+ Y @-D-D+—+ > (w1 (g, 1)

1<i<k 1<i<j<k 1< <@g < <<k
=1+ > JJ@-v+--+ > J[@-1 (73)
TCIk):|T|=1i€T TC[k]:|T|=ri€T

is the the unique low-degree equivalent of parity, on B,, i.e., parity,(z) = f.(x) Vx € B,. To
see this, take any x € B,. Define s(z) as the number of —1 bits in z1,--- , g, L.e., s(z) = [{z; =
—1|1 <4 < k}|. Note that 0 < s(x) < k and parity,(z) = (—1)*®). Furthermore, we have

Vi<i<r Z I (s (—2)! <S(ix)>. (74)

k):|T|=3 €T
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Therefore,

fr(:v)=1+ Z [[G ot Z [ (75)

k)| T|=11€T E):|T|=r i€T
—1+ (—2)1<5(f)> 4ot (—z)i<8(f)> +o o (-2) (5(;“)> (76)
= (1-2)* = (=1)*") = parity, (»), (77)

where we used the fact that s(x) < r. Now we consider the constant term (i.e., bias) of f,.(x).
Indeed notice that the constant in f,.(z) is given by

fr(0)=1— (T) + G) — (—1)T<f>. (78)

It can easily be proven that the above constant is equal to (—1)" (k;l) by induction on r. Note that
it is clear for » = 1 and the induction step from r to r» 4+ 1 is given by

1— (T) o (-1 <]:> + (—1)r+t <T_]i 1> = (—1)’“<k ; 1) + (-t (r i 1) (79)
~co 5 ) - (50 (50)

_ (1 <k - 1). (81)

r+1
Therefore, by Parseval’s identity we have
. o s [(k—1\?
Eal(paritys (@) — 1)) > 102 = (1) (52)

which proves the lower bound. Note that we ignored other Fourier-Walsh coefficients for the lower
bound above.

O

B Experiment details and additional experiments

B.1 Experiment details
B.1.1 Architectures

We use MLP, Transformer (Vaswani et al., 2017), mean-field (Mei et al., 2018) and random features
model Definition 8 for experiments. Here, we describe them in detail.

e MLP. The MLP model is a fully connected network consisting of 4 hidden layers of sizes
512,1024,512,64. The ReLLU activation function is used for all layers except the output layer.
Moreover, the standard initialization of PyTorch has been followed, i.e., the weights of each
layer are initialized with U( m M) where dimj, is the input dimension of the layer.

e Transformer. We have employed the encoder part of Transformer networks which are widely
used in computer vision (Dosovitskiy et al., 2020) and language modeling (Raffel et al., 2019).
First, all binary 41 bits are encoded into a 256-dimensional vector using a shared embedding

28



layer. Afterward, the embedded input is passed through 12 transformer layers. Finally, a
linear layer is used to compute the output of the model. Moreover, the size of MLP hidden
layers is set to 256, and 6 heads are used for the self-attention blocks.

e Mean-field. We also use a two-layer neural network in the mean-field parametrization.
More precisely, following (Abbe et al., 2022b), fur(z) = %Zf\il a;o((wi,x) + b;), where
a; ~ U(—=1,1) and w;, b; ~ U(\_/—é,ﬁ)@l ® U(%,ﬁ). We use ReLU as the activation
function and set the number of neurons to N = 2'6. Note that with this formulation, one has
to take large values for the learning rate, e.g., 100 or 1000.

e Random features model. Following Definition 8, we have used frp = S~ | aio((w;, x) +
b;) as the parametrization of the RF model. Moreover, we initialize a; = 0 and w;, b; ~
N(0, é)®d®./\/‘ (0, %) where d is the input dimension. We also use N = 2% random features for
our experiments. We have used the ReLLU activation function for almost all of the experiments.
We have only used polynomial activation (1 + )% for the experiment comparing RF models
with ReLU activation and polynomial activation (Figure 5).

B.1.2 Procedure

The implementation of experiments has been done using the PyTorch framework (Paszke et al.,
2019). Additionally, the experiments were executed on NVIDIA A100 GPUs and the experiments
took around 60 GPU hours in total (excluding the selection of hyperparameters). Now we discuss
the training procedures.

Length generalization and main experiments. We first explain the experiments of the main
experiment section and also experiments for the length generalization. For each function f :
{#1}¢ — R and unseen domain U, we generate all binary vectors in U¢ = {41}¢\U for the training
set. Consequently, we usually take small values of d for the experiments. Our main motivation for
doing so is to eliminate the randomness generated by the sampling of training examples and also to
assume the in-distribution generalization. Nonetheless, we believe the min-degree bias still holds
when training examples are sampled randomly as is illustrated in the experiments included in this
appendix.

We then train our models. For the Transformer, we have used Adam (Kingma and Ba, 2014)
optimizer with batch size 256. For the RF models, we have used mini-batch SGD with a batch
size of 256. Also, for the rest of the architectures, SGD with batch size 64 has been used. We did
not observe any significant difference in the results of experiments by varying the batch sizes. We
generally selected the learning rates per model (and task) by the stability of the training and the
speed of convergence. We have included more details about the learning rate in Appendix B.2.
We also set the number of training epochs large enough that the loss of models is always less than
102, We also note that Transformers usually learn the target function in a few epochs, reaching a
loss of the order of 1074, After that, the training becomes unstable in some instances. Indeed note
that Transformers are usually trained with learning rate schedulers. However, we did not use any
learning rate schedulers for simplicity and instead opted for early stopping to avoid unstable phases
of training. Note that our main objective is to demonstrate the min-degree bias of neural networks
and not to optimize any performance metric. As a result, we did not focus on hyperparameter
tuning in these experiments. Generally, hyperparameters used for our experiments are available in
our code.

Finally, we track the coefficient of different monomials, i.e., fyn(T) = Ex[x7(x) fxn(z)] during the
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training. We have also repeated each experiment for 10 different seeds and reported the averages.
Particularly, we have also drawn 95%-CI in Figure 4, but we did not draw CI for other experiments
to keep the plots more readable.

Curriculum learning experiments. In contrast to other experiments, there is no unseen domain
in these experiments. Also here we draw a fixed number of samples uniformly from {+1}?. We
train the MLP model with the same training set, learning rate, and batch size, once with normal
mini-batch SGD and once with Degree-Curriculum algorithm 1. Therefore, everything between the
degree curriculum algorithm and the normal algorithm is the same. We use Adam optimizer for
these experiments as we found it to be faster than plain SGD. Moreover, we selected the learning
rate based on the results of the normal training and then used the same learning rate for the
Degree-Curriculum algorithm to have a fair comparison. Finally, we compare the average test loss
between the two algorithms.

B.2 Sensitivity to learning rate

We noticed that the min-degree bias of some architectures such as MLPs depends on the learning
rate. More precisely, we observed that smaller learning rates promote the min-degree bias and
larger learning rates increase the leak of the models. Here, we demonstrate the effect of the
learning rate with an example. Consider learning f4(xo,...,214) = xoz1 under unseen domain
Uy = {(xg,21) = (—1,—1)}. In this case, the min-degree interpolator is ¢ + 1 — 1. Nonetheless,
any a(zox1) + (1 — a)(xo + 21 — 1) is also a valid interpolator where « shows the leakage of the
interpolator. We tried learning f; under Uy with an MLP and varied the learning rate; the results
are depicted in Figure 6.
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Figure 6: Leakage of the interpolators learned by the MLP model trained with different learning
rates. Larger learning rates weaken the min-degree bias and lead to higher leaks.

It can be seen that larger learning rates cause higher leaks in the models. We note that training
becomes more unstable with larger learning rates to the point that the model cannot be trained
with learning rates larger than 0.2. Also notice that o < 0.5 in all cases, hence, the min-degree
alternatives are still dominant. In general, in our experiments, we tried to select moderate values
for the learning rate to ensure that the optimization process is stable. Nonetheless, we never used
learning rate below 1075 for Adam and we usually set learning rate between 10~% to 10~3 for SGD.
Exact hyperparameters for different experiments are available in our code.
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B.3 Additional experiments

Here, we complete the experiments presented in Section 4. First, we report results of other ar-
chitectures on (f1,U1) = (xoz1 — 1.25z129 + 1.52122, {m021220 = —1}) and (f3,Us) = (zox122 +
o+ X13214%0 + T14T0T1, , { (20, 1,22) = (—=1,—1,—1)}). Figures 7 and 8 present the results for
function f; and fs respectively. In consistency with our results in Section 4, we can see the MLP
and mean-field models learn leaky MDIs, while the leak for the random features model is negligible.
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Figure 7: fi(xo,...,z14) = zox1 — 1.252129 + 1.521 22 learned by RF, MLP, and mean-field models
under unseen domain U;{zozrixe = —1}. In this case, the MDI is zg — 1.2529 + 1.529. The solid
lines and dashed lines present the coefficients of the original function and the coefficients of the
MDI respectively. The plots indicate that the mean-field model and MLP model both learn leaky
MDIs. The RF model has a smaller leak which is caused by the ambient dimension d = 15 being
small.
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Figure 8: f3(xo,...,214) = Tox122 + - - - + 21371470 + 147021 learned by RF, MLP, and mean-field
models while samples satisfying (zg,z1,22) = (—1,—1,—1) are not seen during training. In this
case, rorixe (orange solid line) is replaceable by zox1 + z1x9 + x2w9 — 9 — 1 — 22 + 1 (dashed
lines). It can be seen that the RF model learns the MDI, while both the MLP and mean-field
models learn the MDI with a leak.

Next, we try the second experiment of the paper in a larger ambient dimension to see if the ambient
dimension has an effect on the leak of the models. More specifically, we use ambient dimension
d = 40 and consider learning fao(zg, x1, ..., 239) = xox1 under unseen domain {(zg,z1) = (-1, —1)}.
In this case, the MDI is again g+ — 1. For this experiment, we can not generate all 23 elements
of U¢, thus, we only use 2'° samples uniformly drawn from #/¢. We also use the same number of
samples for the estimation of Fourier-Walsh coefficients. The results are depicted in Figure 9. For
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the random features model, it can be seen that the leakage is reduced compared to Figure 2 where
the ambient dimension is 15. On the other hand, the leakage of other models has remained the
same, which shows that the sparsity and ambient dimension do not affect them. This is indeed
consistent with our expectations as we know models such as the mean-field are able to perform
feature-learning and learn the support of sparse Boolean functions (Abbe et al., 2022b).
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Figure 9: fa(xo,x1,...,239) = xox1 learned by the RF, Transformer, MLP, and mean-field mod-
els while training samples satisfy (xg,x1) # (—1,—1). Consequently, xgz; (solid orange line) is
replaceable by zg + 21 — 1 (dashed lines). The Transformer, MLP, and mean-field models learn
leaky solutions and the leakage is very similar to Figure 2 where the ambient dimension is 15. In
contrast, the leak of the RF model is decreased in comparison to Figure 2.

As the last example, we consider the majority function on 3 bits embedded in a 40-dimensional
ambient space, i.e., fi(xo,21,...,239) = majority(zg, z1,x2) = %(xo + 1 + x2 — Tox1x2) under
the unseen domain Uy = {z € {£1}%|(x0,21) = (—1,—1)}. Note that in this case zox1z2 can be
replaced with xoze + x122 — 22 Wwhich leads to MDI being equal to %(1‘0 + 21+ 2x9 — T2 — T1T2).
Similar to the previous experiments, we trained the RF, MLP, mean-field, and Transformer on this
instance. For this example, we do not generate the whole U/¢ and instead, we use 2'® samples. This
number is still large enough that gives the generalization on the seen domain. The results of this
experiment are presented in Figure 10. Note that in this case, the original target function is more
symmetric than the MDI. Nonetheless, none of the models are able to recover the more symmetric
function.
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RF, Transformer, MLP, and mean-field models while samples satisfying (xg,z1) = (—1,—1) are
excluded from training. In this case zoxjz2 (orange solid line) is replaceable by xoxa + x122 — 2.
As expected, the RF learns the MDI, while other models have leakage.

C Vanishing ideals

In this section, we discuss the connection between unseen domains on Boolean functions and al-
gebraic geometry and vanishing ideals. We refer interested readers to (Dummit and Foote, 2004)
for broader coverage of this topic. First, we recall some basic properties of rings and fields. A
ring is a set with two binary operations, the addition + and the multiplication * where * may not
have an inverse. A field is a ring such that all nonzero elements have an inverse. For example, Z
with addition and multiplication is a ring but not a field. Whereas R and C are examples of fields.
Here we will mostly work with polynomial rings with d variables. Note that R[z1,z2, 23, - , 4]
is of special interest to us since any Boolean function f : {£1}¢ — R can be represented by a
polynomial p(z) € R[xy,x9, 23, ,x4], thanks to its Fourier-Walsh expansion. Particularly, we
focus on polynomial rings R = K[z1,x9, - x4] where K is a field. We start by recalling a few
definitions.

Definition 11 (Ideal). Let R be a commutative ring. I C R is an ideal if
o (I,+) is a group, and

o forallr € R and i € I we have i € 1.
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Having defined ideals, note that ideals can be generated from a G C R.

Definition 12. Consider a commutative ring R and let G C R. The ideal generated by G denoted
by (G) is the smallest ideal that contains G. Particularly, if G = {g1,92, - ,gn} 1S finite, we have

(G)=(91,92," ", 9n) = {Z rigi|Vri,r2, ..., T € R} (83)
=1

For example, for R = R[x1, z2], we have (x1—1,z12245) = {p(x1—1)+q(z122+5)|p, ¢ € Rlz1, 22]}.
Another important notion is the notion of quotients, which is similar to the modulo operator. The
following definition will make it more rigorous.

Definition 13 (Quotient). Let R be a commutative ring and I an ideal of R. Quotient R/I is
defined as elements of the form r+ 1 withr € R such thatr+1 =1"+1 ifr—r’ € I. Furthermore,
for any forr+ I, + 1 € R/I, addition + and multiplication . for R/I are defined as

o r+I)+('+I)=r+1r"+1, and
o (r+10).(r+1)=r'"+1.

Also, for v € R/1, any element r € R satisfying v’ = r + I 1is called a representative of . R/I as
defined above is indeed a Ting.

Consider the following ideal Ig = (z% — 1,23 — 1,--- ,22 — 1) of Rz, 22,3, -+ ,z4] for Boolean
functions. Note that for each binary bit x; we have a:? — 1 = 0. Therefore, the Fourier-Walsh
transform is a bijection between Rz, x2, 3, -+ ,x4]/Iq and the set of Boolean functions.

Now we are ready to define vanishing ideals. Given a set of points S C K? where K is a field, we
are interested in the set of polynomials that are zero on S. In the case of generalization on the
unseen domain U C €2, we are interested in the functions that vanish on U = Q \ U, as they are 0
on the training set and give a class of interpolators on §2.

Definition 14 (Vanishing ideals). For a field K and S C K%, vanishing ideal I(S) of S is defined
as

I(S) ={f € Klz1,...,z4]|f(x) =0 for all x € S}.

Note that Iq is indeed the vanishing ideal of €, i.e., I(Q) = I = (22 — 1,23 —1,--- ,xi —1).
Furthermore, for any S C {#+1}%, we have Io C I(S) and thus I(S) can be written as I(S) =
(v1,v9,+++ ,un) + Ig for some n € N and Boolean functions v;. For example, consider canonical
holdout U = {z € {£1}¢|z; = —1}; in this case we get I(U°) = (x1 — 1) + In. We could also do an
‘inverse operation’: given an ideal or set of functions, find all the points which are zero under the
elements of the ideal.

Definition 15. For a field K and G C R = K[z1,...,24], and [ =< G >, we define V(G) = V(I)

as :

V(@) =V{I)={zcKYf(x) =0 forall feI}.

Therefore, operations V' and I give us a way to transfer some algebraic properties to geometric
properties. What we defined could be seen as part of the theory of classical algebraic geometry. In
algebraic geometry, we are interested in the following type of sets .S:
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Definition 16. A set S C K% is called an affine variety, if there exists some ideal I such that
V(I)=S.

In our case, all the S are affine varieties as they are finite. For more details about algebraic
geometry, please refer to (Cox et al., 2013).

Now given an S C €, the following lemma gives us a recipe to find I(.5).

Lemma 3. For S and W two affine varieties, we have that I(SUW) = I(S) N I(W). Also, for
x = (i1,i2,---iq) € K% we have that I(x) = my = (x1 — i1, 29 — i9,---Tq — iq), where my is a
mazimal ideal.

Since in our case S is finite, one can apply this lemma a multitude of times to find 7(.S). Moreover,
this ideal only vanishes on the elements of S and not on any other element in 2\ S.

Example 1. Suppose we work with d = 2, and we only allow the set V := {(—1,-1),(1,1)}. We
will have that I(V') := (x1 + 1,22 + 1) N (x1 — 1,22 — 1). By doing the calculations or using an
algebra program (e.g., SageMath) we find that

I(V) = <$1 — x2> + Iq.

So in general, for a certain S C Q, we would like to express, I(S) as (vi,...v,) + Iq for some
desirable Boolean functions vy, ve,vs, ..., v,. In fact, there are known algorithms that find a basis
for an ideal (Moller and Buchberger, 1982).

Before relating what we have defined to unseen domains, note that in our case the conditions only
depend on a subset of the variables. Without loss of generality, suppose our conditions only depend
on the first k coordinates. Mathematically, that means U = U, x {—1,1}47% where Uj, C {—1,1}*.
Hence, we have U¢ = U¢ x {—1,1}%7*. The following lemma allows us to calculate (1) based on
I(Ug).

Lemma 4. Suppose U¢ = U x {—1,1}4F for some UF C {1, 1}k, if I(US) = (v1,v2, -+ ,v5) +
(¥ —1,---+ a2 — 1) for Boolean functions vi,va, - , vy, we have

I<uc> - <’U1,’U2,"' ,Un> +IQ

Now having defined the vanishing ideals and quotients, we explain how they relate to our setting.
In our setting, we are given U C Q = {—1, 1}d representing the unseen domain, and a Boolean
function f that we wish to learn, which could be seen as an element of R = R[z1,...,24]. As we
finish training, we will converge to a solution f;,; which is an interpolator of f on U€. This means
that f — fso vanishes on U¢ and so f — fso € I(U). Hence, f+ I(U) = fsor + I (U°), which means
that fs, is a representative of the class f + I(U°) in the ring R/I(U). Here we are interested in
the minimum degree-profile interpolator, and our goal is to classify given a f and U, the minimum
degree profile representatives of f + I(U€) in the ring R/I(U¢). This gives us an overview of how
our settings can be related to algebraic notions.

C.1 Minimum degree profile interpolators

We are generally interested to find the minimum degree profile interpolators. One way to do this
is as follows: given a Boolean function f : {—1, l}d — R which we suppose depends only on the
variable z1 - - - zp for some integer P and an unseen set U C 2, we find Boolean functions vy, -+ , vy,
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which only depend on the variables z1, - - - xp such that I(Q\U) = (vi,ve, - ,v,) + Ig. We know
that our minimum degree interpolator fg, is of the form:

fsol = f + g1v1 + ... gnUn (84)

The process presented above is quite long, but there are some cases that which it is easier to find
the minimum degree profile interpolator. We will present some examples below.

Example 2 (Generalized canonical holdout). Given a point in {—1,1}* i.e i = (iy,--- i) €
{—1,-1}F, Ford = ({—1,1}* \ {i}) x {~1,1}%7%, and for any Boolean functions f , we have
a unique minimum degree profile interpolator. To find it, we First notice that I(Q\U) = (z1 —
i1, ,xp —ig) + Io. And so given an f, the minimum degree profile interpolator corresponds to

Jmin(T1, -+ T, D1, xa) = f00, 0 ik, Thpr, o Ta)-
Example 3. ForUd = {(—1,1),(1,—1)} x {=1,1}¥"2 and for any Boolean functions f, we have a
unique minimum degree profile interpolator. To find it, we first notice that I(Q\U) =< x1 + x2 >

+1Iq. Hence, given an f, the minimum degree profile interpolator correspond to replacing any x1
found by %(561 — x9) and any xo found by %(3:2 —x1).

Here is another case where it is easy to find the minimum degree profile interpolator and we
furthermore present proof for why it is the minimum degree profile interpolator in this case.

Lemma 5. Let i = (iy,---i) € {—1,1}¥ be any point. For any Boolean function f and U =
i x {—1,1}4"% we have that f has a minimum degree profile interpolator given by replacing all
129 - - - xk found by another function ¢'(x1,--- ,x)) which can be determined.

This is an expected result, we provide nonetheless a formal proof.

Proof. We have I = I(Q\U) = ((z1 —i1)(x2 —i2) - - - (x — ix)) + Io. By expending (z1 —i1)(x2 —
i9) -+ (xp —ix), we get something of the form :

l‘1$2"'l’k+g(x1,$2,"' axk)
with g(z1,29, -+ ,2)) containing all the possible monomials consisting of z1,---,z; of degree
strictly less than k with coefficients being 1 or —1. Consider the polynomial f,,;,, by replac-
ing all the zyxo - - zkp(z1,- - x4) that appears in f by —g(x1,x9, -+, x)p(x1, - 24). We claim

that fn is the minimum degree profile interpolator. In fact, suppose that this is not the case, so
there exists a minimal degree profile polynomial ¢ € R, such that:

(fmin + q(x1 —i1)(x2 — i2) - - - (21 — %)) modulo Iq.

is not equal and has a lower or equal degree profile to fi,. We have that ¢ = SM + ¢/ with M
being a monomial of ¢. We will prove that no monomial M can exist, which means that ¢ must be
0 which provides a contradiction and proves the minimality and unicity of fpin.

Step 1 : M must contain z; or x5 or x3, ---, Tj.

Suppose the contrary. We have

fmin + q(@122 -+ ) + g(21, 2,y Tk)) = frmin + ¢ (21 — i1) (22 — i2) -+ (T — ik)
+ BMxixo - X8 + 5M9($1a$2a s 7$k)- (85)

But by construction of fi,n, the only way to have that f,in +q(z122 - 2 + g(x1, 22, -+, 21)) has
a equal or lower degree profile than f,in + ¢/(x1 — i1) (22 — i2) - - - (¥ — ix) is that the monomial
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BMzxyxy - - -z get cancelled in ¢/ (x1 —i1)(xg —ia) - - - (z — ix). To this to happens ¢’ must contain
for some T" C [k] a monomial of the form —arBM [];.q x;. with ar being the coefficient of [ ;. x;
in g(z1, 22, - ,x%). However, note that

(1 — QT H 1‘0(%1 — il)(xg — ig) ce (xk — lk) =0.
€T
As q contains M — arBM [[;crxi = BM(1 — ar [[;cr ®i), we get that, if we take go = ¢ — M —
arBM [];cr zi, we have g has smaller degree profile than g and fr,in +q(21 — 1) (22 —i2) - - - (Tg —
i) = fmin +q2(x1 —i1)(x2 —i2) - - - (xx — ix ), and so by the assumption of the minimality of degree
profile of ¢, this is a contradiction.

Step 2 : M cannot contain z; or z3 or 3, -, Tk.
In this case, we have for some T' C [k], M can be written as SM' ][], x; with M’ containing no
x1,- -+ ,x. Like the previous step, for ¢ = M’ [Licr =i + ¢, we have that:

fmin + q(z1 — i1) (w2 — i2) -+ (@ — i) = fonin + ¢ (21 — i1) (@2 — d2) -+ (¥h — i)

+ M [ [ wilws — i) (o — d2) - (wx — k). (86)
i€l

Now as (x1 —i1)(xg —i2) - - - (xx — ix) contains all the possible monomials consisting of x1, - , xg,
in particular, we have that (z1 —i1)(z2 —42)--- (zx — ix) contains are [ ;e ; for are being the
coefficient of this monomial. And so we get that :

BM' [ wi(xr — i) (w2 — i) -+ (wx — ik) = ageSM 120 - 25 + BM'g/ (w1, 29, -+ , 1)

€T
with ¢'(z1, 2, -+ ,xx) containing all the possible monomials consisting of xi,---,x; of degree
strictly less than k. We notice that we are back to Step 2 and thus we have a contradiction
concluding our proof. O
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