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Abstract. During the last few decades, several papers were published about second-order optimization methods for gradient descent based learning algorithms. Unfortunately, these methods
usually have a cost in time close to O(n3 ) per iteration, and O(n2 ) in space, where n is the number
of parameters to optimize, which is intractable with large optimization systems usually found in
real-life problems. Moreover, these methods are usually not easy to implement. Many enhancements have also been proposed in order to overcome these problems, but most of them still cost
O(n2 ) in time per iteration. Instead of trying to solve a hard optimization problem using complex
second-order tricks, we propose to modify the problem itself in order to optimize a simpler one, by
simply changing the cost function used during training. Furthermore, we will argue that analyzing
the Hessian resulting from the choice of various cost functions is very informative and could help
in the design of new machine learning algorithms. For instance, we propose in this paper a version
of the Support Vector Machines criterion applied to Multi Layer Perceptrons, which yields very
good training and generalization performance in practice. Several empirical comparisons on two
benchmark data sets are given to justify this approach.
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Introduction

Optimization by gradient descent is widely used by various machine learning algorithms such as backpropagation of the error in Multi-Layer Perceptrons (MLPs) and Radial Basis Functions, as suggested
by Bishop (1995). Unfortunately, empirical evidences show that results obtained after training a
model by gradient descent are often highly variable. For some problems and some models, training
ends up efficiently into a good local optimum, while in some cases, results are often very bad.
Hence, in the last few decades, several researchers proposed various enhancements to classical
gradient descent algorithms (see for instance a collection of them in the paper of LeCun et al., 1998).
As shown by Fletcher (1987) and Battiti (1992), most of these enhancements focus on variations
of second-order optimization methods, and thus have to compute the inverse of the Hessian of the
cost function, which is the second order derivative of the cost with respect to pairs of parameters.
Therefore, the time complexity of the resulting algorithms grows in O(n3 ) per iteration, and in O(n2 )
in space, where n is the number of parameters to optimize. Thus these algorithms become useless for
very large data sets and models (this is the case for the original Newton method, but also for QuasiNewton, Gauss-Newton, Levenberg Marquardt and Natural Gradient (see Amari, 1998) methods).
Some enhancements which compute iteratively the inverse of the Hessian have been proposed (such
as the Broyden-Fletcher-Goldfarb-Shanno method (BFGS) described by Press et al., 1992), but most
of them still have a cost in O(n2 ) per iteration. In the end, most of the time, people rely on simple
stochastic gradient descent which has a cost O(n) per iteration, and which in general outperforms
most other methods on large problems (as suggested by LeCun et al., 1998), even though it still often
suffers from slow convergence. Some improvements have been proposed: for instance, a modified
version of the Levenberg Marquardt algorithm uses the diagonal of the Hessian of the cost function;
the Stochastic Meta Descent method introduced by Schraudolph (2002) proposes a trick to compute
iteratively the product of the Hessian and a vector efficiently. However, in practice, they usually don’t
outperform a well-tuned stochastic gradient descent method on large problems (see LeCun et al.,
1998).
A possible cause of this slow convergence of gradient descent algorithms could lie in the definition
of the cost function itself. The aim of this paper is to show the influence of the choice of the cost
function on the resulting efficiency of gradient descent algorithms. One way to analyze this, which will
be explained in Section 3, is to observe the behavior of the Hessian matrix of the cost function. Careful
analysis of the Hessian can in fact lead to the design of new cost functions for which gradient descent
algorithms are more efficient. Indeed, the paper will show links between two apparently different cost
functions, namely the Cross-Entropy criterion and the Support Vector Machine Criterion applied to
MLPs, which both result in very simple Hessians.
The organization of the paper is as follows: in Section 2 we briefly introduce MLPs, mixtures of
experts, and notations used in this paper, followed in Section 3 by a study of the local behavior of
well-known cost functions illustrated by experimental evidence supporting the existence of a relation
between simple Hessian and efficient gradient descent. In Section 4 we go further by showing relations
between the Cross-Entropy criterion used in MLPs and the margin maximized in SVMs. Exploiting
the margin idea leads in fact to a simple proposition to improve the performance of MLPs, which is
verified in practice on two benchmark data sets. A short conclusion then follows.

2

Multi-Layer Perceptrons and Mixtures of Experts

We consider a two-class classification problem: given a training set of T examples (xt , yt )t=1...T with
(xt , yt ) ∈ Rn × {−1, 1} (where xt is the input vector of the tth example, and yt represents the
corresponding class), we would like to find a function f (·) such that
f (xt ) > 0 when yt = 1 and f (xt ) < 0 when yt = −1 ∀t .

(1)

Our interest is to study functions which can be trained by gradient descent techniques. We will focus
on two well-known models: Multi-Layer Perceptrons and Mixtures of Experts.
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2.1

3

Multi-Layer Perceptrons

A Multi-Layer Perceptron (MLP) is a machine learning model which has been successfully applied to
many classification and regression problems. The term “layer” refers to the fact that it represents a
function which could be decomposed into several layers and computed in a feed-forward manner. We
consider here an MLP with one hidden layer and N hidden units:
f (x) = b +

N
X

αn h(wnT x)

(2)

n=1

where x ∈ Rd is an input vector, wn ∈ Rd are the weights of the hidden layer,1 αn ∈ R are the weights
of the output layer, and b is the bias of the output layer. h(·) is a transfer function which is usually a
hyperbolic tangent. Note that it has been shown by Hornik et al. (1989) that MLPs with one hidden
layer and hyperbolic tangent transfer functions are universal approximators of real valued functions.2

2.2

Mixtures of Experts

Mixtures of Experts (MEs), first introduced by Jacobs et al. (1991), represent function f (·) as a
combination of simpler functions which are called “experts”. More formally, given a input example x,
the following decomposition is built:
f (x) =

K
X

gk (x)fk (x)

with

k=1

X

gk = 1 and gk ≥ 0 ∀k

(3)

k

where fi (·) is the output function for expert i, and g(·) = {g1 (·) . . . gK (·)} is the gater, which provides
a real weight for each expert, given an input x. In this paper, the experts and the gater will be
represented by MLPs. Since MLPs are universal approximators, MEs are also universal approximators.
The underlying idea of MEs is that if the function to approximate is complex but can be easily
decomposed into several simpler functions, each acting on a different input subspace, then MEs should
be more appropriate, and the training of such models should be easier.

2.3

Gradient Descent

We consider in this section functions fθ (·) that depend on a real vector of parameters θ. If we suppose
that fθ (·) is differentiable with respect to the parameters θ, one efficient way known to find the
parameters θ such that fθ (·) verifies the separation conditions shown in (1), is to select a reasonable
cost function C(fθ (x), y) and to search for a θ∗ that minimizes the cost over the training set
T
1X
θ = arg min
C(fθ (xt ), yt )
θ T
t=1
∗

(4)

using gradient descent. One of the most common cost functions (described in details by Bishop, 1995)
used for classification is the mean-squared error (MSE) which is half the squared difference between
the output of the MLP and the desired class:
C(fθ (x), y) =

1
(y − fθ (x))2 .
2

It is relatively easy to show that if we have an infinite amount of data, the minimum of the MSE
criterion is obtained when fθ (x) is equal to the posterior probability p(y|x), as demonstrated by Bishop
1 To simplify the notation, we suppose here that the last coordinate of the vector x is 1, and thus the bias of unit n
is represented by the last value of the vector wn .
2 This implies that given a finite number of training examples x and a target function g, there exists an MLP f that
i
can approximate g as close as desired, for all xi .

4
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(1995). Thus, the use of the MSE criterion seems to be relevant for classification. However, looking at
it from a likelihood perspective, minimizing the MSE criterion is equivalent to maximizing a likelihood
under the hypothesis that y is generated from a smooth function with added Gaussian noise. Since y
is a binary variable, a Gaussian model is not really appropriate, and some people prefer to consider y
as coming from a Bernoulli distribution. Therefore, if we want to minimize the negative log-likelihood
(NLL) over the training set
Y
1
NLL = − log( p(yt |xt )),
T
t
where p(y|x) is estimated by

1
1+exp(−yfθ (x)) ,

NLL =

X

we then obtain
log (1 + exp(−yt fθ (xt )))

t

which leads to
C(fθ (x), y) = log(1 + exp(−yfθ (x))) .

(5)

This criterion is often called “cross-entropy criterion” (CE), for several reasons explained by Bishop
(1995). The MSE and CE criteria will be used to analyze empirically and theoretically the influence
of the cost function on the efficiency of the resulting gradient descent algorithm.

3

Local Behavior of Cost Functions

In this section, we analyze the impact of the cost function on the minimization problem given in (4).
Both an empirical evaluation on two benchmark datasets and a theoretical analysis based on a second
order Taylor approximation are given.

3.1

Experimental Setup

All experiments shown in this paper have been performed using two reasonably large data sets. The
first one is the UCI Forest data set.3 We modified the 7-class classification problem into a binary
classification problem where the goal was to separate class 2 (the most numerous) from the other 6
classes, which leads to a well-balanced problem. We used 100,000 examples for training, 10,000 for
validation (to select the hyper-parameters of the models) and 50,000 for testing.
The second one is the UCI Letter data set.4 As for the Forest data set, we modified the 26-class
classification problem into a binary classification problem where the goal was to separate the first 13
classes against the other 13 ones. This leads again to a well-balanced problem. The Letter data set
comes already divided into a training set of 16,000 examples and a test set of 4,000 examples. We
further divided the training set into an effective training set of 14,000 examples and a validation set
of 2,000 examples.

3.2

Preliminary Results

In Table 1 we present a preliminary comparison between an MLP trained using the MSE and CE
criteria, as well as a mixture of MLP-experts (ME) trained using the MSE criterion. Note that for
each model, the shown number of hidden units is optimal according to the validation set. Moreover,
all other hyper-parameters, such as the learning rate, were also selected according to the validation
set.
Regarding the MLP trained with MSE on the Forest data set, it appears that the training performance is statistically significantly worse (with 99% confidence5 ) than an MLP trained with the CE
3 The

Forest data set is available on the UCI website at the following address:
ftp://ftp.ics.uci.edu/pub/machine-learning-databases/covtype
4 The Letter data set is available on the UCI website at the following address:
ftp://ftp.ics.uci.edu/pub/machine-learning-databases/letter-recognition
5 With a standard proportion test, assuming a binomial distribution for the targets, and using a normal approximation.
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Model
MLP (200HU)
MLP (500HU)
ME (25HU per expert, 10 experts, 100HU for the gater)
Model
MLP (500HU)
MLP (500HU)
ME (50HU per expert, 20 experts, 25HU for the gater)

Forest
Cost Function
MSE
CE
MSE

Train Err. (%)
13.7
10.7
9.4

Test Err. (%)
13.9
11.1
9.8

Letter
Cost Function
MSE
CE
MSE

Train Err. (%)
1.7
0.4
0.4

Test Err. (%)
3.6
3.6
3.0

Table 1: Comparison between MLPs with two different criteria and a mixture of MLPs. Training and
test errors represent classification error ratios.
criterion. After computation of the MSE for various number of hidden units, we observed on both
data sets that it was impossible to decrease arbitrarily the training MSE when we had more than 500
hidden units. As MLPs are universal approximators, and as we were not able to reduce the training
MSE, we conclude that there is an optimization problem. This optimization problem could explain
the bad results, as compared to the cross-entropy criterion. This leads us to two crucial questions:
why does the CE criterion used with an MLP lead to an easier optimization problem compared to the
MSE criterion? Moreover, why does a mixture trained with the same MSE criterion obtain statistically
significantly better results on the training set (with 99% confidence for both data sets) than an MLP?

3.3

Study of the Cost Function Landscape

As we suspect some optimization problems with the MSE criterion, we propose to study the local
behavior of each cost function, and to compare them. Given a model fθ (·) where we want to optimize
parameters θ, and given a vector of parameters θo , the cost function Ex,y (θ) = C(fθ (x), y)) can be
approximated with respect to θ around θo , by a second order Taylor expansion:
Ex,y (θ) = Ex,y (θo ) + (θ − θo )T

∂Ex,y (θo ) 1
+ (θ − θo )T Hx,y (θo ) (θ − θo ) + o(kθ − θo k22 )
∂θ
2

(6)

where ∂Ex,y (θo )/∂θ and Hx,y (θo ) are respectively the gradient and the Hessian matrix of Ex,y with
respect to θ, evaluated at θo . We use k.k2 as the Euclidean norm for vectors, and o(kθ − θo k22 ) to
represent a term negligible with respect to kθ − θo k22 . Remember that if we write θ = (θ1 , θ2 . . . ), then
the coefficient (i, j) of the Hessian matrix of the function Ex,y is equal to
i,j
Hx,y
=

∂Ex,y
.
∂θi ∂θj

Let us first note that since we are optimizing θ by gradient descent, it is clear that we don’t
want the derivative ∂Ex,y /∂θ to be null when the example (x, y) is misclassified: we would be stuck
on some undesirable plateau. Moreover, intuitively, we could say that the simpler the cost function
Ex,y (·), the easier should be the optimization. Therefore, according to our local approximation (6),
a simple Hessian Hx,y could be better for the optimization.6 Actually, as it is well-known that the
Hessian is linked to convergence duration, as already suggested by LeCun et al. (1991), it seems quite
6 Ideally, a null Hessian would be great, but not realistic. Hence, a sparse Hessian (with many 0 in the matrix) would
be a good target.
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reasonable to analyze it. Thus, we present in the following subsections an analysis of the gradient
and the Hessian of the cost function, with respect to the weights to optimize. In fact, we propose a
mathematical analysis of the “instantaneous” Hessian Hx,y , as well as an empirical evaluation of the
“total” Hessian
1X
Hxt ,yt
(7)
H=
T t
of the cost function (4) which is the one that we really would like to minimize.
3.3.1

Mixtures of Experts and MSE

PK
Let us first consider a mixture of MLPs f (x) = k=1 gk (x)fk (x) as given in (3). If we introduce vi
as the weight vector of fi , then using the MSE criterion, the gradient is
∂fi (x)
∂Ex,y
= −(y − f (x)) gi (x)
.
∂vi
∂vi
This gradient is quite nice, because it behaves exactly as we would like: the first term (y − f (x))
is non-null when the example (x, y) is misclassified. Moreover, at least one gater output gi (x) must
be non-null because these outputs sum to one. Hence, at least one expert will always receive some
gradient when the example is misclassified.
Furthermore, the instantaneous Hessian outside the block-diagonal (one block for each pair of
experts (i, j)) becomes:
∂ 2 Ex,y
∂fi (x)
= gi (x)gj (x)
∂vi ∂vj
∂vi

µ

∂fj (x)
∂vj

¶T
(i 6= j) .

(8)

Recall that the basic idea of mixtures of experts is to try to partition the input space using a gater,
in which case a given example would be only handled by one expert. Hence, for a given x, all gi (x)
except one should be near zero. To verify what really happens in practice, we computed on the Forest
data set the average of the product gi (x)gj (x) over the training set, and over all pairs of distinct gater
outputs (i 6= j), with respect to the number of training iterations, as shown in Figure 1(a). It is
clear that the product gi gj tends to be very small in practice, and thus the Hessian (8) converges to
zero outside the block-diagonal. To verify further this assertion, we also computed in Figure 1(b) the
spectral norm
° 2
°
° ∂ Ex,y °
°
°
° ∂vi ∂vj °
2
for each block7 (i, j) of the total Hessian (7) after 5 training iterations. This shows that the Hessian
quickly becomes diagonal during training.
3.3.2

MLPs with MSE and CE

Let us now analyze the first derivative of the MLP given in (2) that would be respectively trained
with the MSE and CE criteria. First the gradient when trained with the MSE criterion:
∂Ex,y
= −(y − f (x)) αi h0 (wi x) x ,
∂wi
and then the gradient obtained with the CE criterion:
∂Ex,y
= −p(−y|x) αi h0 (wi x) x .
∂wi
7 As

each block is symmetric, the spectral norm corresponds to the largest absolute eigenvalue of this block.

(9)
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(a) Average product of distinct pairs of gater outputs

(b) Spectral norm of each block in the Hessian
matrix

Figure 1: Block-diagonality of the Hessian matrix: (a) shows that the term gi (x)gj (x) (i 6= j), which
appears in the Hessian equation outside the block-diagonal, tends to very small values on average
during training. This is on 100,000 examples of the Forest data set, with 10 experts, 25 hidden units
per expert and 100 hidden units for the gater. (b) is a description of the Hessian matrix; each block
corresponds to a pair of experts, and is represented by its spectral norm. The color of each block is
associated with the corresponding value in the right column. This has been computed with 10,000
examples of the Forest data set, after 5 iterations, with 5 experts, 10 hidden units per expert and 25
hidden units for the gater.
Both are interesting because the first term (y − f (x)) or p(−y|x) will be non-null if the example (x, y)
is misclassified. Thus, if the initial values αi of the output layer are non-null, all hidden units should
receive a gradient.
Let us now compute the Hessian coming from the MSE criterion, using a vectorial notation, and
outside the block-diagonal:
∂ 2 Ex,y
= αi αj h0 (wi x) h0 (wj x) xxT
∂wi ∂wj

(i 6= j) .

Note that there is no obvious reason for this Hessian to tend to zero, whereas if we compute the
Hessian with the cross-entropy (CE) criterion we get:
∂ 2 Ex,y
= p(y|x)p(−y|x) αi αj h0 (wi x)h0 (wj x) xxT
∂wi ∂wj

(i 6= j) .

Here the term p(y|x)p(−y|x) = p(y|x)(1 − p(y|x)) will tend very quickly to zero, since we are training
the MLP to maximize p(y|x). This is verified in practice, as shown in Figure 2(a). It will push the
Hessian obtained with the CE criterion toward almost block-diagonality (one block for each unit) (see
Figure 2(b)), whereas the Hessian obtained with the MSE criterion remains full, as shown in Figure 3.

3.3.3

Why a Block-Diagonal Hessian Should Be Better

In the previous subsections we have seen empirically that when the Hessian induced by either the
model or the criterion is block-diagonal, the resulting training performance is better. Let us now try
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(a) Average product of posterior probabilities
p(y|x)p(−y|x)

(b) Spectral norm of each block in the Hessian
matrix

Figure 2: Block-diagonality of the Hessian matrix of an MLP trained with the CE criterion: (a) shows
that the term p(y|x)p(−y|x), which appears in the Hessian equation outside the block-diagonal, tends
to very small values on average during training. This is on the Forest data set, with 100,000 training
examples and 200 hidden units. (b) is a description of the Hessian matrix with 10 hidden units; each
block corresponds to a pair of hidden units, and is represented by its spectral norm. The color of each
block is associated with the corresponding value in the right column. It has been computed on the
Forest data set with 10,000 training examples, after one iteration.

0.4
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0.2
0.15
0.1
0.05

Figure 3: Hessian matrix for an MLP with 10 hidden units trained with the MSE criterion. Each
block corresponds to a pair of hidden units, and is represented by its spectral norm. The color of each
block is associated with the corresponding value in the right column. It has been computed on the
Forest data set with 10,000 training examples, after 10 iterations.

to justify this empirical result. Let us consider a model fθ (·) where the parameter vector θ can be
segmented into several sub-vectors θ = (θ1 , θ2 . . . θn ). Given a current state θo , if we consider the
local quadratic approximation given by equation (6), and if we forget negligible terms with respect to
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kθ − θo k22 , the optimal weights θ? = (θ1? , . . . θn? ) have to satisfy the following equality:
∂Ex,y (θo )
+ Hx,y (θo ) (θ? − θo ) = 0
∂θ
which is equivalent to the system of equations
X
∂Ex,y (θo )
i,i
i,j
+ Hx,y
(θo ) (θi? − θio ) +
Hx,y
(θo ) (θj? − θjo ) = 0
∂θi

∀i ,

(10)

j6=i

where we adopt the notation

∂ 2 Ex,y
i,j
= Hx,y
.
∂θi ∂θj

i,j
is zero for i 6= j, this leads to
In the ideal case where Hx,y is block-diagonal, that is if Hx,y

∂Ex,y (θo )
i,i
(θo ) (θi? − θio ) = 0
+ Hx,y
∂θi

∀i .

(11)

In other words, the optimal weights θi? are solution of independent systems of equations, and thus are
locally independent. Therefore, the optimization problem is much simpler than with a full Hessian
where the modification of only one weight would also affect the modification of all other weights.
This could explain the significant difference in the training performance obtained with either an MLP
trained with the CE or a mixture trained with the MSE criterion (where the Hessian is almost blockdiagonal), compared to an MLP trained with the MSE criterion (where the Hessian remains full).
If Hx,y is not truly block-diagonal, one can compute
X
X
i,j
i,j
k
Hx,y
(θo ) (θj? − θjo )k2 ≤
kHx,y
(θo )k2 kθj? − θjo k2
j6=i

j6=i

where k.k2 is the Euclidean norm for vectors or the spectral norm for matrices. Therefore, the
i,j
more the norm kHx,y
k2 of the blocks of the Hessian outside the diagonal tends to zero, the more
the approximation (11) of the system of equations (10) is accurate, and the simpler should be the
corresponding optimization problem.
3.3.4

MLPs with Hyperbolic Tangent Output

It is well-known that adding a hyperbolic tangent at the output layer of the MLP proposed in (2)
usually improves classification performances. Let us analyze here the effect of adding this hyperbolic
tangent on the resulting optimization problem. Keeping the same notation, this is equivalent to using
the following cost function:
1
C(f (x), y) = (y − tanh(f (x)))2 .
2
Then computing the Hessian for each block, using the fact that tanh0 (·) = 1 − tanh(·)2 and using the
shortcut z = tanh(f (x)), we obtain outside the block diagonal:
∂ 2 Ex,y
= (1 − z 2 )(1 + 2zy − 3z 2 ) αi αj h0 (wi x) h0 (wj x) xxT
∂wi ∂wj

(i 6= j) .

It is interesting to note that the difference with an MLP without a hyperbolic tangent output is
simply the coefficient c(z) = (1 − z 2 )(1 + 2zy − 3z 2 ). To study this coefficient, we plotted it in
Figure 4(a) with y = 1, for a range of z values between −1 and 1 (which corresponds to the values
the hyperbolic tangent can take). It is interesting to note that this coefficient tends to zero when
z = tanh(f (x)) tends to ±1. As we are training the MLP with this aim, c(z) will tend to small values
during training, as shown in Figure 4(b). Once again, the Hessian will tend to have small values

(1−z*z)(1+2z−3z*z)

10
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(a) Plot of the function c(z) = (1 − z 2 )(1 + 2zy −
3z 2 ).

(b) Average over the examples of the coefficient
|c(z)| during training.

Figure 4: Block-diagonality of the Hessian for an MLP trained with the MSE criterion, with hyperbolic
tangent outputs. (a) shows that the coefficient c(z) involved in the Hessian tends to zero when the
output z = tanh(f (x)) tends to ±1. (b) shows that the average over the training examples of the
absolute value of this coefficient c(z) decreases during training. (a) and (b) have been computed on
the Forest database with 200 hidden units and 100,000 training examples.
outside the block-diagonal. Note however that there is a drawback when z tends to ±1: the first
derivative
∂Ex,y
= −(y − z) (1 − z 2 ) αi h0 (wi x) x
(12)
∂wi
will decrease, even for misclassified examples, due to the coefficient 1 − z 2 , whereas for an MLP with
a CE criterion, the first derivative is (in general) small only for well-classified examples. Even if the
hyperbolic tangent output improves training results for an MLP with the MSE criterion, we could
expect better results in general with the CE criterion. This is shown in Table 2: on one hand, MLPs
Model
MLP (200HU)
MLP+tanh (200HU)
MLP (200HU)
MLP (500HU)
Model
MLP (500HU)
MLP+tanh (500HU)
MLP (500HU)

Forest
Cost Function
MSE
MSE
CE
CE
Letter
Cost Function
MSE
MSE
CE

Train Err. (%)
13.7
10.9
10.5
10.7

Test Err. (%)
13.9
12.6
12.0
11.1

Train Err. (%)
1.7
1.1
0.4

Test Err. (%)
3.6
3.9
3.6

Table 2: Improvement obtained with an hyperbolic tangent output for an MLP trained with the MSE
criterion. Results with MLPs trained with the CE criterion are given for comparison.
trained either with the MSE criterion with a hyperbolic tangent output and the CE criterion obtain
similar training performance on the Forest data set. On the other hand, on the Letter data set, the
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MLP with hyperbolic tangent is still not able to reach a training error similar to the one using the
CE criterion. As suggested previously, this could be explained by the fact that the coefficient 1 − z 2
in (12) is very small on the Letter data set (less than 1/25 after 10 iterations, decreasing to 1/100)
leading to a small gradient, whereas it remains quite reasonable on the Forest data set (around 1/4).

3.4

Conclusion

To conclude this section, let us wrap up the current findings. First of all, we showed that both an
MLP trained with a CE criterion and a ME trained with an MSE criterion lead to local optimization
problems where the hidden units or the experts are solution of independent minimization problems,
mainly because the Hessian becomes almost block-diagonal. This is in contrast to an MLP trained with
an MSE criterion, where all units depend on the others, which lead to a more complicated optimization
problem. We conjectured that during training, the independence between units of a model (such as
hidden units for an MLP or experts for a ME) could improve training results in general. Using this
argument, we showed that one could explain improvements obtained with an MLP with a hyperbolic
tangent output. However the addition of this hyperbolic tangent has a drawback: the gradient could
tend to be very small, which in some cases could reduce the expected improvements.
Finally, note that while optimization is a crucial problem, it doesn’t solve everything: even when
an MLP is trained with the cross-entropy criterion, its performance is still worse in generalization
than the one obtained with a mixture of experts (see Table 1). Moreover, on the Letter data set,
even if we improve the training performance of an MLP by adding an hyperbolic tangent output, the
results in test are in fact worse. Thus, let us now focus on another interesting viewpoint: the margin
introduced in SVMs algorithms.

4

SVM Margin for MLPs

Support Vector Machines (SVMs) were introduced by Vapnik (1995). They have been applied to many
classification problems, generally yielding good performance compared to other algorithms. Given the
two-class classification problem presented in Section 2, a linear SVM finds a separating hyperplane
which maximizes the margin between this hyperplane and the two classes, as suggested in Figure 5.
More formally, given a hyperplane fα,b (x) = 0 with fα,b (x) = α x + b (α ∈ Rd , b ∈ R), the SVM
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Figure 5: Concept of the margin in SVMs: we want to separate two classes (black and white circles).
Many separating hyperplanes could exist, but we are searching for the one that maximizes the margin.
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problem is equivalent to minimizing
L(α, b) =

T
X
µ
kαk22 +
|1 − yt fα,b (xt )|+
2
t=1

(13)

where |x|+ = max(0, x), and µ is a constant which acts as a trade-off between the first term which
corresponds to the margin maximization, and the second term which tries to force the two classes to be
separated. This problem is equivalent to a simple quadratic optimization problem under constraints,
and it can be shown that the optimal value of α is a linear combination of input training vectors xt .
Moreover, the optimal separating hyperplane can be expressed as a weighted sum of inner-products
xt x. It is then straightforward to obtain non-linear SVMs by projecting the input vectors in a
higher-dimensional space using traditional kernel methods: basically, we just have to replace all innerproducts by a kernel evaluation. Let us just point out here that even with non-linear SVMs, the idea
remains the same: trying to maximize the margin, but in a higher dimensional space.

4.1

A First SVM Criterion for MLPs

We propose to apply directly the margin concept of SVMs to MLPs. This idea is not new (see
for example the paper written by Zhong and Ghosh, 2000), but we think it has not been studied
deeply enough, especially from an optimization view point. Note that the one-hidden layer MLP that
we proposed in (2) first sends input vectors in a non-linear space using the hidden layer, and then
separates the data in this space using the output layer. From a structural point of view, SVMs and
MLPs are very close: with SVMs, we select the non-linear space by choosing the kernel, while with
MLPs we attempt to optimize the non-linear space by optimizing the hidden layer. Thus, we could
try to maximize the margin in the non-linear space of the MLPs, using an adapted stochastic version
of the cost function (13):
µ
C(f (x), y) =
kαk22 + |1 − yf (x)|+ .
(14)
2T
The results obtained with this criterion are given in Table 3 for µ = 0. Note that no improvement is
obtained when compared to the use of the CE criterion.
Model
MLP (500HU)
MLP (500HU)
Model
MLP (500HU)
MLP (500HU)

Forest
Cost Function
CE
SVM-like
Letter
Cost Function
CE
SVM-like

Train Err. (%)
10.7
10.2

Test Err. (%)
11.1
11.9

Train Err. (%)
0.4
1.4

Test Err. (%)
3.6
3.9

Table 3: Comparison between MLPs trained with the CE criterion and an SVM criterion.

4.2

Local Analysis of the SVM Criterion

Let us now analyze locally the cost function (14) for µ = 0, following the ideas given in Section 3.
We will not consider the case yf (x) = 1 where the cost function is not differentiable, simply because
it is quite rare in practice, at least from a computational point of view. Thus, we can notice that in
general we can compute the first derivative as follows (µ = 0):
∂Ex,y
= −y αi h0 (wi x) x if yf (x) < 1
∂wi
= 0 otherwise.

(15)
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In general, the derivative is non-zero when the example is inside the margin or misclassified, (that is
if yf (x) < 1), and behaves similarly to the derivative obtained with the CE criterion (9), where the
coefficient p(−y|x) tends to be non-zero only if the example is misclassified. From (15), we can derive
the Hessian easily:
∂ 2 Ex,y
= 0 (i 6= j) .
∂wi ∂wj
The Hessian of the cost function is thus completely diagonal, and according to Section 3.3.3 we can
expect an easier optimization for the MLP, as locally the cost function is simpler than those obtained
with the MSE and the CE criteria. However, the results in Table 3 (which show that training and
testing errors are not better with this criterion), suggest (as already highlighted in Section 3.4) that
the optimization is not the only crucial point to consider. Let us consider now the point of view of
margin maximization adopted in SVM-type algorithms.

4.3

Improving the Margin of MLPs

Going back to equation (14), let us recall that the first part of this criterion represents the maximization
of the margin which is controlled by the hyper-parameter µ. Unfortunately, when we try to vary µ in
order to force larger margins, the corresponding results are similar or even worse than those obtained
with µ = 0 in Table 3. This seems to be in contradiction with the largely accepted fact in the SVM
community that margin maximization improves generalization. We suspect some numerical problems
with the coefficient 2µT which is probably too small during stochastic gradient descent. In order to fix
this problem, we propose to instead use the following cost function:
C(f (x), y) = |β − yf (x)|+ .

(16)

By definition, the margin in the space corresponding to projected examples x̃ = (tanh(w1 x), tanh(w2 x),
. . . , tanh(wN x)) generated by the hidden layer of the MLP is the distance between hyperplanes
αx̃ + b = β and αx̃ + b = −β. After some arithmetics, we obtain the following margin:
2β
.
kαk2
Thus, in order to increase this margin we could increase β (instead of µ in (14)) with the hope that
the norm of α obtained after training with a larger β would not increase as quickly as β. In practice
this seems to be the case, as shown in Figure 6(a). It is also interesting to notice that there is an
optimal size of the margin as suggested in Figure 6(b). The best generalization performances (shown
in Table 4), obtained after tuning β according to the validation set, were 8.3% error on the test set of
the Forest data set and 2.3% error on the test set of the Letter data set. These are great improvements
(statistically significant with 99% confidence) compared to a standard CE criterion which obtained
respectively 11.1% and 3.6% of testing error rates.

4.4

Criteria Comparison

Let us conclude this section by noting that function z 7→ |β − z|+ can be seen as a “hard” version of
function z 7→ log(1 + exp(β − z)). This is depicted in Figure 7 for β = 1. Moreover, we observed in
practice that results obtained with the “hard” and the “soft” versions of the cost function are similar:
if the best results with the “soft” version were achieved for a certain βs , we always found a βh ≥ βs
which led to similar results with the “hard” version. In fact, the SVM criterion and the cross-entropy
criterion used with MLP are very close. From a structural point of view, the main difference between
SVMs and MLPs using this criterion seems to be the feature space: in SVMs the feature space is
fixed and generated using a kernel, whereas in MLPs it is generated by the hidden layer and adapted
by training the weights of this hidden layer. Of course, bear in mind that there are other differences
between SVMs and MLPs, such as the training algorithm itself, which might influence your selection
of one or the other for specific applications.
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Figure 6: Importance of the margin in MLPs. (a) shows the evolution of the margin with respect to
the parameter β introduced in the criterion (16). (b) shows the evolution of the testing error with
respect to β. Results in (a) and (b) have been both evaluated on the Forest (left scale of both figures)
and Letter (right scale of both figures) data sets with MLPs containing 500 hidden units, using 100,000
training examples for Forest and 14,000 examples for Letter.
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Figure 7: Comparison between the function z 7→ |1 − z|+ involved in the SVM criterion, and its
smooth approximation z 7→ log(1 + exp(1 − z)) used in the CE criterion.

5

Conclusion

In this paper we analyzed gradient descent algorithms with respect to several important aspects. As
already known, the Hessian matrix plays a major role in the effectiveness of any gradient descent
algorithm. We explained, both empirically and theoretically, why a block-diagonal Hessian should
yield more efficient training algorithms. We showed how the choice of the training criterion influences
the Hessian matrix, and hence how to select an efficient training criterion. More specifically, we
explained why the Cross Entropy criterion should be selected for classification problems instead of
the more classical Mean Squared Error criterion, and why Mixtures of Experts also generate simple
Hessian matrices. Finally, while efficient optimization is important, bearing in mind that the ultimate
goal in machine learning is good generalization performance, we introduce a new cost function inspired
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Forest
Model
Cost Function
MLP (200HU)
MSE
MLP (500HU)
CE
ME (25HU per expert, 10 ex- MSE
perts, 100HU for the gater)
MLP (500HU)
Margin
Letter
Model
Cost Function
MLP (500HU)
MSE
MLP (500HU)
CE
ME (50HU per expert, 20 ex- MSE
perts, 25HU for the gater)
MLP (500HU)
Margin
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Test Err. (%)
13.9
11.1
9.8
8.3
Test Err. (%)
3.6
3.6
3.0
2.3

Table 4: Comparison of the generalization performances of models trained with standard criteria
(MSE and CE) and the “margin” criterion proposed in (16).
by the SVM algorithm which yields a block-diagonal Hessian and enables the control of the margin
in the hidden layer space. This cost function yielded (statistically significantly) better generalization
performance on the two tested benchmark data sets. Future work could involve comparing the feature
space generated by kernels in SVMs with the feature space generated by the hidden layer in MLPs,
which remains the main structural difference between SVMs and MLPs trained with the proposed
criterion. Moreover, we could exploit the block-diagonality of the Hessian to apply well-known second
order techniques in an efficient way: this could eventually improve the quality of the optimization.
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