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Markov Models

Stochastic process of a temporal sequence: the probability
distribution of the variable ¢ at time ¢t depends on the variable

q at times ¢t — 1 to 1.

P(q1,q2,-.,qr) = P(qi ) = P(q1) | | Plaelaf™)

t=2

First Order Markov Process:
P(gilgi™") = P(qelg—1)

Markov Model: model of a Markovian process with discrete

states.

Hidden Markov Model: Markov Model whose state is not
observed, but of which one can observe a manifestation (a

variable z; which depends only on ¢;).
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Markov Models (Graphical View)

A Markov model:

A Markov model unfolded in time:
qt-2) q(t-1) q(t) q(t+1)

: O
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Hidden Markov Models

A hidden Markov model:

v

A hidden Markov model un-

folded in time:

y(t-2) y(t-1) y(®) y(t+1)

?PRE
e e

q(t-2) q(t-1) a(®) q(t+1)
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Elements of an HMM

A finite number of states V.

Transition probabilities between states, which depend only on

previous state: P(q:=t|q:—1=7,0).

Emission probabilities, which depend only on the current state:

p(xt|qe=i,0) (where x; is observed).
Initial state probabilities: P(qy = |0).

Each of these 3 sets of probabilities have parameters 6 to

estimate.
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The 3 Problems of HM Ms

The HMM model gives rise to 3 different problems:

Given an HMM parameterized by 6, can we compute the

likelihood of a sequence X = 21 = {x1,x9,...,27}:
p(x7(6)

Given an HMM parameterized by 6 and a set of sequences

D,,, can we select the parameters 6* such that:

0" = argmax | [ p(X (p)[0)

p=1

Given an HMM parameterized by 6, can we compute the

optimal path () through the state space given a sequence X:

Q* = arg mgxp(X, Q|0)
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HMMs as Generative Processes

HMMs can be use to generate sequences:

Let us define a set of starting states with initial probabilities
P(qo =1).
Let us also define a set of final states.

Then for each sequence to generate:
1. Select an initial state j according to P(qo).
2. Select the next state i according to P(q; = i|q:—1 = j).

3. Emit an output according to the emission distribution
P(x¢|q = 1).
4. If ¢ is a final state, then stop, otherwise loop to step 2.
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Markovian Assumptions

Emissions: the probability to emit z; at time ¢ in state ¢; = ¢

does not depend on anything else:
p(ailg =i, q7 a7 ") = p(we|qe = 4)

Transitions: the probability to go from state j to state 7 at
time t does not depend on anything else:

P(q; = ilgi—1 = J, Q§_27$§_1) = P(q; = i|qi—1 = j)
Moreover, this probability does not depend on time t:

P(q: = i|q:—1 = j) is the same for all ¢

we say that such Markov models are homogeneous.
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Derivation of the Forward Variable «

Let us introduce the forward variable «:

the probability of having generated the sequence z} and
being in state ¢ at time ¢

def

a(i,t) = plry,q =1i)
= ploez ! @ = d)p(i™ ¢ = i)
= p(we]qs = z')p(a:’i_l, gt = 1)
= p(ztlgs = 1) Zp(fﬁi_la Gt =1,qt—1 =1J)

— i’iﬂi_l, qt—1 — j)p(xi_l, dt—1 — .])

[
(]
ot
v;%
|

= p(zt|q
= pzt|lge = 1) ZP(CL& = tlgt—1 = j)p(xi_lv%ﬁ—l =J)

= (g = 1) ZP(Qt = i[gt—1 = j)a(j,t — 1)

Hidden Markov Models 10



From o to the Likelihood

Reminder: a(i, )= p(at, q; = 1)

Initial condition:

a(i,0) = P(qg = i) — prior probabilities of each state ¢

Then let us compute «(i,t) for each state ¢ and each time ¢ of a

: T
glven sequence ry

Afterward, we can compute the likelihood as follows:

p(z]) = Zp(xlT,qui)
= Zoz(i,T)

Hence, to compute the likelihood p(z1), we need O(N?-T)

operations, where N is the number of states

Hidden Markov Models
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EM Training for HMM

For HMM, the hidden variable () will describe in which state
the HMM was for each observation x; of a sequence X. Let us
introduce the following indicator variable:

1 ifg =1
it — .
0 otherwise

The joint likelihood of all sequences X (1) and the hidden
variable () is then:

p(X,Q10) = ]]p(X(1),Ql0)

fioe-r)
Hlp

s

S~
I
—_

|
::];s

l

Zz

::]z

I

t=11

')Zi,t'zj,t—l

ze(1)|qe = 1) P(q: = t|lqi—1 = J

g=1
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EM Training for HMM

which in log gives

n N
logp(X,Q|0) = ZZzi,ologP(qozi)+

(=1 1=1

n T; N
SOSTY 2 log pla(1)]g = 4) +
=1 t=1 1=1

n Tl

N N
DN 2y zja-1log Pl = ilgi—1 = j)

=1 t=1 i=1 j=1
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EM Training for HMM

Let us now write the corresponding auxiliary function:

n N
- Z ZEQ 2i.0| X, 6°] log P(qo = 1) +
=1 1=1
n 1; N
>0 2> Falaidl X, 67 log plai (D = i) +
=1 t=1 =1

n T; N

N
S:S:S: JEQ[Zi,t ' Zj,t—1|X7 98] IOgP(Qt — ’i|Qt—1 = j)

=1 t=1 i=1 j=1

From now on, let us forget about index [ for simplification.
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Derivation of the Backward Variable

Let us introduce the backward variable :

the probability to generate the rest of the sequence a:tT+1

given that we are in state ¢ at time ¢

B(i,t)

def

p(w:ﬁrl |qt=1)

ZP(%{LM Gt+1=7|qr=1)

J

ZP(%H |3335F+27 qt+1=J, Qtzi)p(ﬂfam Qt+1=j’%=i)

Z p(2es1lge1=1)p(xi o lger1=7, 4=1) P(qes1=7j|q:=1)

ZP Ti41|qe+1=7)P ($t+2|Qt+1—J)P(Qt+1:j’€Zt:i)

Zp(xt+1|%+1:j)5(j7 t+1)P(qe+1=7|q:=1)
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Final Details About

Reminder: §(i,t) = p(zii|q:=1%)
Final condition:

_ 1 if 7 is a final state
B, T) =

0 otherwise

Hence, to compute all the 3 variables, we need O(N? - T)

operations, where N is the number of states

Hidden Markov Models
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E-Step for HMMs

Posterior on emission distributions:

Eglzi| X,0°] = P(q = i]af,@s) —
p(x?a%f — 7’)

P(Qt = @’5’7{)

Hidden Markov Models
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E-Step for HMMs

Posterior on transition distributions:

EQ[Ziﬂf ' Zj,t—1’X7 0°] = Plg=1,q-1= j|x{7‘98)

p(ajclra qdt = i?Qt—l — J)

p(z1)
_ p(afala = 0)Plar = ilg-1 = j)p(zear = )p(2y ", gr—1 = j)
p(z1)

B(i,t)P(q: = tlqi—1 = J)p(we|qe = i)a(j,t — 1)

Zo‘(j’ T)

Hidden Markov Models

18



E-Step for HMMs

Posterior on initial state distribution:

EQ[Zi,0’X7 ep] — P(qo — i|x?798) —

p(x{, do — Z)
p(xi)

P(Qo = W{)

p(x1 |go = )P (qo = 1)

p(xf)

B(i,0) - P(go = 1)

Za(y‘, T)

Hidden Markov Models
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M-Step for HMMs

Find the parameters 6 that maximizes A, hence search for

0A
%—O

for each parameter 6.

When transition distributions are represented as tables, using a

Lagrange multiplier, we obtain:

T
> Pla=1i,qi-1 = jlai , 0°)
Pg =ilg1 = j) = —

ZP(C]t = Z'|-751T>98)

t=1

When emission distributions are implemented as GMMs, use

already given equations, weighted by the posterior on emissions
P(q = ilxq,0°).

Hidden Markov Models
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The Most Likely Path (Graphical View)

The Viterbi algorithm finds the best state sequence.

Compute the patial paths Backtrack in time
g3 —= a3
gl 4~ = = gléF— = =
Time Time
1~ Hidden Markov Models 21



The Viterbi Algorithm for HMMs

The Viterbi algorithm finds the best state sequence.

Let us define the following variable:

def

Vi) = maxp(aiqa=i)
q,q
— HE%( [p(xt’aﬂi_la qllt_la Qt:i)p(x§_17 qllt_l’ Qt—l)}
dq
= p(wlg=i) maxp(z) ", ¢, @=i)
dq
= p(ailgr=i) maxmaxp(zi™ ', 417, ¢=i, ¢t—1=7)
dq
= p(z¢|qr=t) ax mgax [p(Qt=i|Qt—1=j)p(37§_1a ¢ % Qt—lzj)}
d,
= p(:ct|qt=’i) m;ilX p(Qt:’i|Qt—1:j) H%@g{p(xﬁ_l, 95_27 Qt—lzj)
d,

= p(@elg=i) maxp(q:=ilg-1=5)V (j,t = 1)

Hidden Markov Models 22



From Viterbi to the State Sequence

Reminder: V (i,t) = rrgwlcp(a:’i, ¢\t q=1)
d,
Let us compute V (7,t) for each state ¢ and each time ¢ of a

: T
glven sequence ry

Moreover, let us also keep for each V' (i,t) the associated

argmax previous state

Then, starting from the state ¢ = argmax V (j,T) backtrack to
J

decode the most probable state sequence.

Hence, to compute all the V (i, t) variables, we need O(N?-T)

operations, where N is the number of states

Hidden Markov Models
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HMMs for Speech Recognition

o Application: continuous speech recognition:

Find a sequence of phonemes (or words) given an

acoustic sequence

e Idea: use a phoneme model

DIAP Hidden Markov Models
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Embbeded Training of HMMs

e For each acoustic sequence in the training set, create a new
HMM as the concatenation of the HMMSs representing the
underlying sequence of phonemes.

o Maximize the likelihood of the training sentences.
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HMMs: Decoding a Sentence

e Decide what is the accepted vocabulary.
e Optionally add a language model: P(word sequence)

o Efficient algorithm to find the optimal path in the decoding
HMM:

Hidden Markov Models
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Measuring Error

How do we measure the quality of a speech recognizer?

Problem: the target solution is a sentence, the obtained
solution is also a sentence, but they might have different size!
Proposed solution: the Edit Distance:

assume you have access to the operators insert, delete, and
substitute,

what is the smallest number of such operators we need to
go from the obtained to the desired sentence?

An efficient algorithm exists to compute this.

At the end, we measure the error as follows:

#ins + #del 4+ #subst

WER =
#words

Note that the word error rate (WER) can be greater than 1...
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